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Characteristic polynomial

Definitin and Examples

In this section we consider only the characteristic polynomial of an n by n matrix
which is a polynomial of degree n, from which we give a practical way to find the
eigenvalues of a given square matrix A.

Definition

Let A€ M, (R) be a square matrrix. The characteristic polynomial of A is the
polynomial of degree n given by pa (x) = det (A — xI,), where I, is the identity
n-by-n matrix?.

?In some references the characteristic polynomial of A is the polynomial of degree n given by
pa (x) = det (xI, — A).

Dj. Bellaouar (University 08 Mai 1945 Guelma) Characteristic polynomial December 2020



Characteristic polynomial

Definitin and Examples

Proposition

Let A€ M, (R). The characteristic polynomial ps (x) is given by

n—1 .
pa(x) = (=1)"x"+ Y cix' with o1 = (=1)"" ' tr (A) and o = det (A).
i=0

The leading coefficient of pp (x) is £1 (i.e. pa (x) is monic.

For example, if A = < :1)) i ) then tr (A) =5 and det (A) = —2. Moreover, by

definition we have
1—x 2

3 4 —x
= (=1)2x% + —tr (A) x + det (A) .

pa(x) = det(A—xIQ):‘ ‘:X2—5X—2
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Recall that the roots of pa (x) are called eigenvalues of A. Also, we have the
notation:

Sp(A) = {A € K, A is an eigenvalue of A},
which is called the spectral set of A. Thus, A € Sp(A) < pa(A) = 0.
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Characteristic polynomial

Definitin and Examples

Example

Calculate the characteristic polynomial of the following matrix:

=(31)

From definition, we obtain

1
pa(x) = ’ 2 ! (the first column ¢; becomes ¢; + ¢)
]+ o
3 1 1
‘ 3_ ; 2 x = (3—x) 1 9« =B-x)(2—-x-1)

— 3-x(1-x).
Thus, pa (x) = (1 —x) (3—x), and so Sp (A) = {1,3}.
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Characteristic polynomial

Definitin and Examples

1 1 1
Consider the matrix A = 1 1 1 |. Inthe same manner, we get
1 1 1
1—x 1 1 —x 0 1
pa(x) = 1 1—x 1 =| x —x 1
1 1 1—x 0 x 1—x
— +
5 -1 0 1
= x| 1 -1 1 |=x[-Kx-1-1)+(1-0)]
0 1 1—x
= x*(3—x).
Hence, ps (x) = x? (3 — x), and so Sp (A) = {0,3}.
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Characteristic polynomial

Definitin and Examples

Calculate the characteristic polynomial of each of the following:
4 2 -1 13 —-12 —6
Al = 2 7 =2 , Ay = 6 -5 -3
-1 -2 4 18 —-18 -8
1 -1 -1 4 1 -1
Ay = -1 1 -1 |, A=25 =2
-1 -1 1 11 2
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Characteristic polynomial

Definitin and Examples

(i) From the definition of the characteristic polynomial, we get
PA; (X) = det (Al = X/3)
4—x 2 -1 15tcolumn
= 2 T—x =2
-1 -2 4-x 115 L gy
(3—x) 2 -1
= 0 7T—x =2
(3—x) -2 4-—x
1 2 —1 29 column
= B3=x)|0 7—x =2 !
1 -2 4-x 2 x 3rd 4 2nd
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Definitin and Examples

Taht is,
1 0 -1 , 10 4
pa(x) = B=x)|0 3-x =2 1=0B-x70 1 -2
1 2(8-x) 4-x 1 2 4—x

= B—x)P4—x+4—(0—1)]
= 3—x)?(9—x).

That is, pa, (x) = (3—x)? (9 —x), and so Sp (A) = {3,9}.
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Characteristic polynomial

Definitin and Examples

(i) Compute py, (x) :

pa, (x) =

13— x

—12
=l =
—18

-3 15tcolumn — 15t 4 2nd

-3 2" column — (—2) x 3" + 2"
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Characteristic polynomial

Definitin and Examples

Example
(iif) Computre pa, (x) :
1-x -1 -1 c 1))
PA; (X) -1 1—-x -1 l !
—1 -1 1-—x aa—co o—c
(2—x) 0 —il
— | =12=u 2—x -1
0 -(2—-x) 1-x
+ - +
o 1 0 -1 )
= 2= -1 1 -1 |=@=-x) [1-x-1-1]
0 -1 1-—x
= —(1+x)(2-x)%.
Thus, pa, (x) = — (1 +x) (2—x)?, and so Sp (A) = {~1,2}.
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Characteristic polynomial

Definitin and Examples

(iiif) Compute pa, (x) :

» 4—x 1 -1 15tcol|umn 2"dc<ilumn
4 1 1 0 1st+3rd 2nd _|_3rd
= &

(3—x) 0 -1 , 1 0 -1

= 0 3—x =2 |=C@—-x)0 1 -2

(3—x) 3—-x 2-x 1 1 2—x

= B-x)°@2-x+2+1)
= 3-x)°(5-x).

That is, pa, (x) = (3—x)? (5 — x).
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Characteristic polynomial

Definitin and Examples

(a) Calculate the characteristic polynomial of the following matrix:
1
1
1
1

(b) Deduce the characteristic polynomial of the n X n matrix

Ay =

[ G G G
[ G G T G
[T G G T G T

11 ... 1
11 1
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Characteristic polynomial

Definitin and Examples

Solution. For the matrix A4, we see that

1-x 1 1 1
B 1 1-x 1 1
Pa, (x) = 1 1 1-x 1
1 1 1 1—x
-x 0 0 1 10 01
_ x —x 0 1 _3 1 -1 0 1
0 x —x 1 0o 1 -1 1
0 0 x I-x 0 0 1 1-x
-1 0 1 1 -1 0
= X311 -1 1 [+x3(-1D]0 1 -1
0 1 1-—x 0 0 1
= X3 (x—4)

Dj. Bellaouar (University 08 Mai 1945 Guelma) Characteristic polynomial December 2020



Characteristic polynomial

Definitin and Examples

1 1 --- 1
11 ... 1

For the matrix A, = L . |, we can easily prove that
11 1
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Characteristic polynomial

Definitin and Examples

Example

Calculate the characteristic polynomial of the following matrix:

7 —6 -2
A= 2 0 -1
2 -3 2
It is clear that
7-x —6 -2 a
pa(x) = 2 —x -1 !
2 -3 2-—x 2xc+a
(3—-x) -6 -2
= 0 —x -1
23—x) -3 2-—x
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Characteristic polynomial

Definitin and Examples

Therefore,
1 -6 -2 &
pa(x) = (B3—=x)| 0 —x -1 l
2 -3 2-x| 3xa@-@a
+ - +
1 0 —2 |1 0 -2
= (3-x) B-—x) -1 |=B=x)"0 -1 -1
2 38-x) 2-x 2 3 2-—x

That is, pa (x) = (x —3)*.
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Characteristic polynomial

Definitin and Examples

Example
-3 1 -1
Let A be the matrix given by A = —7 5 —1 |. We have
—6 6 -2
—3—x 1 —1 —2—x 0 -1
pa(x) = -7 5-—x -1 =| —2—x 4—x -1
—6 6 —2—x 0 4 —x —-2-—x
10 -1
= —2+x)(4—x)|1 1 -1 =—24+x)(d—x)(—2—x+1
0 1 -2—x
= (2+x)2(@4-x).
Hence, pa (x) = (24 x)? (4 — x).
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Characteristic polynomial

Definitin and Examples

Calculate the determinant A, = 1 1 T+x ... 1 . We compute

Ap -
- 18tcolumn —15tcolumn

- 2" eolumn —2"column - 15tcolumn

- 3"column —3"column - 15tcolumn, .... and so on. We obtain
1 0 0 0
1 x 0 0
A, = 1 0 x 0| _ -1
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Characteristic polynomial

Definitin and Examples

Proposition
Let Ae M, (R) and r € R*. We have

pra (x) = r"pa (;) :

Proof.
Indeed, we see that

rail] — X raip 500 rain
razi ragp — X ... razn
pra (x) = : °
rani rano ... rapp —X
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X
r (311 — —) raip coo rain
r X
razi r (322 — 7) coo rasnp 0
X
rani rano ooo 7 (a,m - —
r
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Characteristic polynomial

Definitin and Examples

and so
X
311 - 7 312 coo0 31,,
X
321 322 - — coo 32,,
pa(x) = r" r
X
dnl an2 coo dnn — —
r
X
n
= r —.
o (2)
This completes the proof. ]
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Characteristic polynomial

Definitin and Examples

Exercise

Consider the vendermonde’s determinant @ :

1 1 1
A= b ¢
a2 b2 2

Prove that A = (b— a) (c — a) (c — b), and give a generalization formula.

In linear algebra, a Vandermonde matrix is a matrix with a geometric progression in each
row. It takes its name from the French mathematician Alexandre-Théophile Vandermonde. It is,
in particular, used in numerical analysis for solving a system formed by polynomial interpolation.

v
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Definitin and Examples

Solution
We have
A = a b c ! !
2 b Q—a G-
0 0 1 0 0 1
= b—a c¢c—b ¢ |=(b—a)(c—b) 1 1 c
b2— 22 2—p2 2 b+a c+b 2
= (b—a)(c—b)(c—a).
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In the general case, the vendermonde’s determinant is given by

1 1 - 1

X0 X1 Xn
2 2 2
Ap=| % X Xn :||(x, XJ)
: : i>j
n n n
xg x| X

Dj. Bellaouar (University 08 Mai 1945 Guelma) Characteristic polynomial December 2020 R



Characteristic polynomial

Problems

x 01. Consider the following two matrices:

011 1 1 1
A= 1 0 1 |, B= 2 1 -1
110 -3 2 4

Calculate pp (x) and pg (x). Ans.

pa(x) = (1+x)7(2—x) and pg (x) = — (x— 2)*.

x 02. Let A be the matrix given by

Verify that pa (x) = (x+1) (x — 1) (x = 3).
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Characteristic polynomial

Problems

x 03. Let
-3 1 -1
A= -7 5 -1
-6 6 —2

Verify that pa (x) = (2+ x)2 (4—x).
x 04. Let A€ M, (R) be the tridiagonal matrix given by

A= - ,a, b celR.

Calculate py (x).
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Characteristic polynomial

Problems

x 05. Consider the matrix
a b
A:(C d)EMQ(]R).

Show that the characteristic polynomial ps(x) satisfying the following
formula:
pa(x) = x% — tr (A) x + det (A) .
Note that tr (A) is the trace of A.
'x 06. Let A be the matrix

= O O O
O OO
[N e o]
O~ OO

Verify that pa (x) = x* — 1.
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