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Diagonalizable matrices

Results and Examples

Let A = (a;;) € M,(R) be a square matrix. A is said to be diagonal, if and only
if

ajj = 0, Vi 75_/
Or, equivalently

a1l

az?
A—
dnn

In this case, A is denoted by D. We also write D = diag {a11, 322, .... ann }-
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Diagonalizable matrices

Results and Examples

Definition

Let A be a square matrix. We say that A is diagonalizable if A is similar to a
diagonal matrix D. That is, there exists an invertible matrix P such that p-lap
is diagonal, say D. That is,

A is diagonalizable & 3 P € GIL, (]R) such that A = PDP_l,

where D = diag {A1,Ag, ..., Ap} and A1, Ay, ..., Ay are the eigenvalues of A.

Example

| A

Consider the following matrices

5 —4 1 0 1 2
A= (5 4).o=(3 9 amar=(12)

Compute PDP~1. What can we conclude?
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Results and Examples

Example

By computation, we obtain
1 2
1 1
. 1 6
B 1 3

PDP1 =

)
)

10
0 3

-1 2\ (5 —4
1 -1 )" {2 -1

Thus, A= PDP~! and so A is diagonalizable.

But the question posed is how to determine P and D if they exist? How to
diagonalize a matrix?. Here is the following theorem.
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Diagonalizable matrices

Results and Examples

Theorem (Necessary and sufficient condition for diagonalization)

Let A€ Mp(R) be a square matrix. A is diagonalizable, if and only if, there
exists a basis B of R" formed by n eigenvectors of A.

Proof.

Assume that A is diagonalizable. That is, there exists an invertible matrix P such
that

| A

A= PDP 1.
Or, equivalently
P~'AP =D.
Setting
P=[v 2 .. Ya]=[Pa Pe ... Pey],
where (e;); <<, is the canonical basis of R”, O
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and let
d1
2))
D = i :diag{dlldg,...,dn}
dn
= [ d161 d2€2 d,,e,, ]
It follows that
[ Ayi Ay ... Ay, ] = AP=1[,AP=PP AP =PD

= P[ dlel d2€2 d,,e,,}
= [ diPer drPer ... dpPej ]
= [dy1 dyr ... daya .

We deduce that for each i € 1, n, Ay; = d;y;. Then y; is an eigenvector of A
corresponding to d;. Since P is invertible, then the familly B = {y1,y2, ..., yn} is
a basis of R".
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Conversely, assume that R" has a basis B = {x1, x2, ..., x, } formed by n
eigenvectors of A. In this case, we put

P:[Xl Xp ... Xn].
It follows that
AP = [ Ax; Axp ... Axp ]
= [ )\1X1 /\QXQ )\an ] ,

where (A); <, are the eigenvalues of A associated with (x;);.;~,. respectively.
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Therefore,

Aixi1 Aoxo1r ... Apxpl X111 X1 ... Xpl

/\1X12 /\2X22 )LnX,,Q X12 X292 e Xp2
AP = . . = . . . X

AMxiy Apxon  -.. AnXan XIN XN .-+ Xnn

Ay

A2
An
= PD.

Hence A = PDP*I, where D is diagonale and P is invertible. The proof is
finished.
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Corollary

Let A€ Mp(R) be a diagonalizable matrix. There exists a basis B =
{x1, %2, ..., xn} of R" formed by n eigenvectors A.

Proof.

Assume that A = PDP~1. We know that {e1, e, ..., en} are eigenvectors of D
associated with diag(D), i.e.,

| A

De; = P~ 1APe; = Aje;, for i = 1,2, ..., n.

Hence
APej = A;Pej, for i =1,2,...,n.

That is, {Pe;}; <, are eigenvectors of A. Since P is invertible, then {Pe;},_;-,
is a basis of R".

\
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Conclusion. Let A € M, (IR) be a square matrix and let A1, Ay, ..., Ay be its
eigenvalues. Let Ay, (A;) and Gp (A;) denote the algebraic multiplicity and the
geometric multiplicity of A;, respectively. Then A is diagonalizable if and oly if

Am ()\,) = Gm ()L,) , for i = 1,2, cey k.

Let A€ Mp(R) be a square matrix. Assume that

pa(x) = (x = A1) (x = A2)*2 ... (x = Ak )™, where k < n.

Then A is diagonalizable if and only if dim Ei\; =uw;, fori=1,2,... k.
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Example
For the following matrices, by calculating the eigenpairs one has:
Matrix pa (x) Sp(A) Am(A)  Gm(A)
110
A= 110 x (x —2)? g ; ;
0 0 2
2 1 1
B=| 2 1 -2 (x+1)% (x —3) _31 f 1
-1 0 -2
1 0 0 -1 1 1
c=(1 2 =3 (x+1)(x—1)(x—3) 1 1 1
1 -1 0 3 1 1
We deduce that A and B are diagonalizable, but B is not.
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Results and Examples

We see also the following example:

Example

Show that the following matrix is diagonalizable.

4 1 1 1
1 4 11
A= 1 1 41
1 1 1 4

Solution. The characteristic polynomial is pa (x) = (x —7) (x — 3)3. The
eigenvalues of A are A; =7 (simple), and Ap = 3 (triple). The associated
eigenvectors are v; = (1,1,1,1) for A1, vo = (—1,1,0,0), v3 = (—1,0,1,0) and
vy = (—1, 0,0, 1) for Ap. The matrix A is therefore diagonalizable since

dimEy = A, (A;), for i =1,2.
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From Theorem 5, we have the following corollary:

Corollary

Let A€ Mp(R) be a square matrix. If A has n distinct eigenvalues, then A is
diagonalizable.

Proof.
Since A € M;(IR) and A has n distinct eigenvalues, then dimEy, =1=A_ (A;),

| \

fori=1,2,...,n. O

| \

Proposition

Let A and B be two diagonalizable matrices with P~1AP = D; and
P~1BP = D, for some invertible matrix P. Then AB = BA.

5\
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Proof.
We can easily verify that if P~1AP = D; and P~1BP = D>, it follows that

A= PD;P1
B = PDP 1.

Note that D1 D, = D, Dy, and therefore

AB = PD1D,P~Y = PD,D1 Pt = PD,PLPD P = BA.

Hence the result. ]
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Corollary

Let A€ Mp(R) be a square matrix, and assume that A has a unique eigenvalue
A. Then A is diagonalizable if and only if A = Alj,.

Proof.

It is clear that if A= Al,, then A is diagonalizable. Conversely, assume that

A € M,(R) is diagonalizable and has a unique eigenvalue A, there is therefore an
invertible matrix P such P~LAP is diagonal. We put P~AP = D, where

diag (D) = Sp (A) = {A}. It follows that

| \

A 1
A=P Pl=AP P~L = API,P7Y = Al,.
A 1

This completes the proof. ]

A\
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Proposition

Let A be a diagonalizable matrix @ with Sp (A) = {A1,Ag,....,Ap}. Then

det (A) = AAr... Ap. (1)

?Note that the result of Equation (1) is always true for any matrix A € M,(C) which may or
may not be diagonalizable.

Proof.
Assume that A = PDP~!, where D = diag {\1, A2, ..... An}. Then

| A

det (A) = det (PDP*l)

- det(P)det(D)det(Pfl)
= det(D)
— i A
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Results and Examples

Definition

A € R is called the eigenvalue of multiplicity m if and only if

pa (x) = (x = A1) q (x) with q(A) #0.

| \

Example
Let
2 1 1
A= 2 1 -2
-1 0 -2

Then pa (x) = (x—3) (x + 1)2 and A cannot be diagonalizable on either R or
C. Indeed, we have
E_3 = Vect{(1,—-2,-1)}

In R3 or C3, E_; is a vector space of dimension 1 equipped by (1,—-2,—1). Since
—1 is an eigenvalue of A of multiplicity 2, A is not diagonalizable.

A\
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Applications of diagonalization

A classical application is the computing of the powers of a matrix A. Assume that
A is given to be diagonalizable. That is, there exist P and D such that

Ay 0 ... 0

0 Ay ... O
D =

0 0 ... Ap

and D = P~1AP. For each k > 0 we have
Ak = ppkp~t.
The preceding formula then generalizes to k € Z. The matrix A is then invertible

if, and only if, D is invertible and

Al =pp-ipt,
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Diagonalizable matrices

Applications of diagonalization

Consider the matrix

Calculate A" for every n > 0.

We start by computing the characteristic polynomial of A

2—x -1

| 1-x -1
Tl 1—-x 2—x

Then Sp (A) = {1,3}.
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Next, we find the eigenvectors of A :

2X —y = X
E = {(X,y) G]R2§ _X_I_%/y:y }
= Vect{(1,1)}.
and also we have
2x —y = 3x
E3 = {(x,y)E]Rz; —X+2y=3y}

= Vect{(1,-1)}.

We put
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It follows that
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Diagonalizable matrices

Applications of diagonalization

Consider the matrix

>

Il
IOy
NI

Calculate lim A”".
n—-oo

First, let us calculate the eigenvalues and eigenvectors of A. From computation,

we find
/\1 =1, %1 :(1,1),
1
Ay = 7 v =(-21).
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Applications of diagonalization
- -1 k kp—1 1 =2
Since A= PDP~*, then AX = PD*P~*, where P = 1 and

1
1 0
D = 0 1 |. It follows that

4
n 1 2
ima = m (12 [y 3 3
n—--o00 B n—-o0 1 1 O <> _1 -
4 3 3

VN P
[T

i

%—3
/\o

= =

S~

B}
W W N -
|oo\|—‘

—
w\l—-w\l—‘w“_lw“\)
WINWI N 7
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Consider the mapping

f : Rj [X]—>]R3 [X]
p — f(p)=3xp— (x2—1> p

and let B = {1,X,x2,x3} be the canonical basis of R3 [X].
@ Calculate M¢ (B).

Q Is f diagonalizable? if so, give the diagonalization.
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Solution. There are two steps:
> The calculation of M¢ (B). We see that

f (1) =3x = 0+ 3x + 0x% + 0x®
f(x)=1+2x>=1+0x+2x>+0x3
f(x2) =2x+x3 =0+ 2x 4 0x% + 1x3

f (x3) = 3x% = 0+ Ox + 3x2 + 0x3

Which gives

s

—

=

N~—

I
cowo
—oN o
owoo

O N O
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Applications of diagonalization

> Let us calculate the characteristic polynomial of M¢ (B). Indeed, we have

—x 1 0 0
3 —x 2 0

Pumy;(B) (X) = 0 2 —x 3 |7 x* —10x% 4 9.
0 0 1 —x

The eigenvalues of A are {—1,1, —3,3}. From Corollary ??, M¢ (B) is
diagonalizable.

> Diagonalization of My (B) : First, let us calculate the eigenvectors of Mr (5),
we obtain

1 1 1 1

A R AN
MrB)=1 3 _1 1 3 0 0 10 g %8 _g _Sg
— — 1 1

11 -11 0 0 0 3 O O
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Diagonalizable matrices

Problems

x 01. Let A€ M3(R) be a square matrix such that

pa(x) = (x—1) (x—2)>.

Is it diagonalizable 7

x 02. Let f be a diagonalizable endomorphism over a vector space E. Prove that
E=kerf@®Imf.

x 03. Let f be a diagonalizable endomorphism over a vector space satisfying
fk = idg for some natural integer k. Show that f2 = jdE.
x 04. Let A be a 3-by-3 matrix given by

A=| —4
2

1. Is the matrix A diagonalizable?
2. Calculate (A—213) and (A —213)" for every n € IN. Deduce an explicit
formula for A™.
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Diagonalizable matrices

Problems

'x 05. Let M be a complex square matrix satisfying MX = | for some positive
integer k. Prove that M is diagonalizable.

x 06. Study the diagonalization of the matrix

300
A= 4 1 2 |;aeR
a 0 3
Ans. A is diagonalizable & a = 0.
x 07. Verify that the matrix

2 =2 2
A= 0 1 1
-4 8 3

is diagonalizable. Ans : Sp (A) = {1,2,3}.
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Problems

x 08. Study the diagonalization of the matrix

x 09. Check that the matrices of the form

A—((lJ i);c;‘éo

are not diagonalizable.
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Problems

x 10. Consider the two matrices

2 1 -1 2 21
A= 0 2 -1 and B=1| 1 3 1
-3 -2 3 1 2 2

@ Check that A and B have the same eigenvalues.
@ Prove that A~ B.

x 11. Find a matrix A € M3 (IR) which is not diagonalizable.

x 12. Let

A_S( s )?2 )5—1; S€GL, (R) and A Ay € R.

Calculate the determinant of A and A~L.
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Problems

x 13. Calculate the eigenvalues and the eigenvectors of the following matrices. Are
they diagonalizable? If so, determine a basis of eigenvectors.

4 1 2 4 2 -1 11711_13
03/ \1r1) \1 3 ) '
1
0
0

[ay

-2 -1
1 =2
-3

NN
N
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Problems

x 14. Let A € M,(R). Prove that A is diagonalozable < A? is diagonalizable.
x 15. Study the diagonalization of the following matrix

;a#0and b,c,d, e, f €R.

oON QT

c
e
f
3

O O O
(e RN e N )

x 16. Study the diagonalization of the following matrices

10 1 110
Ar=(0 1 0] adAa=[010
00 2 00 2

Ans. Aj :yes, Ay :no
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x 17. Discuss the diagonalization, according to a, b € R of the matrix

a b a—»>b
A= b 2b  —b ;ab#0
a—b —b a

and find «, B and <y for which
A3 = aA? + BA+ k.
Ans. pp(x) =x(x—3b)(x —2a+b).

x 18. Determine the real number a for which the matrix

0 00 O
1 00 1
A= 01 0 a
0 01 —-a

is diagonalizable.
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Problems

x 19. Let A€ M,(R) be a diagonalizable matrix with Sp (A) = {—1,1}. Prove
that A=A"L.

x 20. Let

i) Prove that A is diagonalizable and find a matrix P € GIL3 (RR) for which
P~1AP is diagonal.

i) Calculate A", n € IN and deduce an explicit formula of e
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'x 21. Let A€ M,(R) such that A% = A. Prove that A is diagonalizable.
x 22. Calculate p(A) = 2A% — 3A4% 4 A* + A2 — 4k, where A is given by

1 0 2
A= 0 -1 1
0O 1 o0
x 23. Consider the matrix N
1 —
Av(m=1| _, 7
1 70( 1

Prove that

. cosa  sina
lim Ay (n) = . .
n—-+oo —sine  cosa
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Problems

x 24. Let A be the matrix given by

06 0.8
A= ( 04 0.2 )
Verify that
2 2
. n_
Jm A= 1T
3 3
x 25. Consider the matrix
9 0 0
A= -5 4 0
-8 0 1
Calculate A", for n € IN. Ans.
9n 0 O
AT = | 4" —-9" 4" 0
1-9" 0 1
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Problems
x 26. Let
1 2 0 1 0 0
A= 01 0],B= 2 30
0 0 3 0 01

@ Diagonalize the matrix B.
@ Is matrix A similar to B?
x 27. Let n > 2. Let A be the real n X n matrix of coefficients a;; = 0 if i = j and
aj =1, otherwise. We put B = A+ /.
1. What is the rank of the matrix B? Deduce that —1 is an eigenvalue of A and
determe the dimension of the associated eigenspace.
2. Calculate .

A

and deduce a new eigenvalue of A.

3. Justify that A is diagonalizable, and give its characteristic polynomial.

4. Give an invertible matrix P and a matrix D such that A = PDP~1 (one does
not ask to calculate P—1).
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