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Characteristic Polynomial, Eigenvalues and Eigenvectors

of a square matrix
Ex 01 : a) Compute the characteristic polynomial of the matrix

1 1 1
A = 1 1 1
1 1 1

Ans: 22 (3 — )
b) Deduce the characteristic polynomial of the general matrix:

1 1 1
A, = ..l eM,(R)
1 1 1

i.e., extend to n-dimensions.

Ex 02 : Find the characteristic polynomial of the matrix:

7T —6 -2
A=(2 0 -1 |.pale)=(x-3)
2 =3 2

X

pra(x) =1"pa (;) ;1 #0

Ex 04 : (i) Let A and B be two matrices such that

A? = B? = (AB)* = I,
Prove that AB = BA.
(i) Let 4, B € M, (R). Assume that A is invertible. Show that

Ex 05 : Consider the following matrix

1=(52)

Find all eigenvalues and corresponding eigenvectors for the matrix A.
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Ex 06 : Determine the eigenvalues and eigenvectors of the following matrices

1)A_<é g)

Ans:
eigenvalues eigenvectors
, 1
! 0
- 1
’ 2
26
2) A =
0 2
Ans:

elgenvalues eigenvector

2 (double) ( é )

12 3
3) A= (o 2 3 )
00 =5
Ans:
elgenvalues eigenvectors
1 (1,0,0)
2 (2,1,0)
—9 (5,6, —14)
1 00
) A= 120
10 2
Ans :
-1 0 0
eigenvectors: { ( ! ) } <1, { ( L ) ) ( O ) } <> 2 (double)
1 1
011
5) A= 000
000




Ans: A = 0 is the only eigenvalue of A (the algebraic multiplicity is 3)
(1,0,0),(0,1, —1) are corresponding eigenvectors of A.
200

6) A= 120
032
Ans: A =2 and E)\ = Vect{(0,0,1)}

Ans:
—1 0 1
eigenvectors: 1 «— 0, 0], 1 > 2
0 1 0
a 2 3
8) A= 0 2a 8 yae R
0 0 3a
Ans:
elgenvalues elgenvectors
a (1,0,0)
2a (2,a,0)
3a (3a + 16, 16a, 2(12)

Ex 07 : Determine all eigenvalues and their algebraic multiplicities of the matrix

A=

—_ Q=

a
1
a

—_ Q=

where a is a real number.
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denote A ~ B).
(b) Provethat: A—AIh~B=A~ 1In+B.
(c) Let A and B be two similar matrices, i.e,
A =PBP!
for some invertible matrix P, and let (1,x) be an eigenpair of A. Show that (1,P™1x) is an
eigenpair of B.

(d) Let f.(z) = ap+arxz+ ....+ a.x" be apolynomial of degree r. If B = P AP, then
prove that

Ex 04 : Let A and B be the matrices

2 1) (0 2
9 3 )& —2 5

Prove that A is similar to B.
Find the matrix C such that

Ex 05 : Let A be a diagonalizable matrix which has a unique eigenvalue 4. Prove that A = Al,
where | is the identity matrix.

Ex 07 :
Let A € M, (R) be a diagonalizable matrix with sp(A) = {-1,1}. Prove that A~' = A4,

4


https://r.search.yahoo.com/_ylt=AwrCmnp6zo1djWUA8kMPxQt.;_ylu=X3oDMTByNXM5bzY5BGNvbG8DYmYxBHBvcwMzBHZ0aWQDBHNlYwNzcg--/RV=2/RE=1569603322/RO=10/RU=http%3a%2f%2fsites.millersville.edu%2fbikenaga%2flinear-algebra%2fmatrix-exponential%2fmatrix-exponential.html/RK=2/RS=FHBs3cKReT5RCEqPIeHF0ZKYxtA-

Ex 08 : Let A and B be two diagonalizable matrices with P"*AP = D, and P™1BP = D, for
some invertible matrix P. Prove that AB = BA.

is diagonalizable or not.

b) Let

1 0 0
Ala)= | a =2 3 | ,aeR
I =1 2

Find all the eigenvalues of A(a).
Find the real parameter a for which the matrix A(a) is diagonalizable, and give in this case the
diagonalization formula of A(a).

Ex12: Let
f Pylz] — P3a]
p — f(p)=3ap—(2*—1)p
We denote by B = {1,x,x2,x3} the canonical basis of Ps[x]. Calculate M (B).

We ask whether f is diagonalizable or not. If the answer is positive, then give the
diagonalization formula of f.
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Exponential of a matrix, cosine(matrix), sine, log,...
On the powers of a square matrix. How to find A* ?

ExO01:
1. State the definition of the notion « Exponential of a square matrix »

O

2. Calculate ¢~ , where O is the zero matrix.

Let A €M, (R) and X\ € R . Prove that
eMrA=erA

Ex 02 : Let A be the matrix
1 1
= (52)

Prove that A is diagonalizable, and deduce exp(A) .

Ex 03 : Prove the following theorem : Theorem : Let A € M, (R). Then the series
k!
k=0
is absolutely convergent (then convergent).

TA
lim ¢ ! = A.
x—0 €T
Ex05: Let
1 3 -3
A= 1 3 -1
-2 2 0

1. Find all the eigenvalues and eigenvectors of A.
2. Deduce that A is diagonalizable.
3. Compute exp(A).

Ex 06 : Consider the following two matrices




Verify that

2 L
N——

Ex 08 : Let A be a diagonalizable matrix; i.e A = PDP™1 for some invertible matrix P, prove
that

lim A* = P. lim D*.p~!

k— 00 k—s o0

-

lim A* = P.Alim DE.p1

k— o0 050

_ (1 2y, 10 L
—lr 1 e lo ()Y )
_ iz

o3\ 1 2)

Ex 09 : Determine the eigenvalues and eigenvectors of the following matrix

(50

For each positive integer k, calculate A*.
Ans :

Consider the matrix

I [V ]
v

o L A

Calculate lim AF
ANS :

Qo= b
~—

eigenvectors: (—1,2) < 1,(—1,1) < 2

Ex 10 : Consider the matrix

0 0
A= -5 4 0 9" 0 0
_ A= [ 4 —9m 4 0
8 01 ( 1—97 0 1)

Compute A":n e N .
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System of linear recurrence sequences,
System of Differential equations, Cayley-Hamilton Theorem

Ex 01 : Solve the following system of linear recurrence sequences

Int1 = S:L.” —Yn _
{ Yni1 = —Tp + 3Yp (ro,m0) = (1,2)

Ans :

Ly = gn-1 (3 — 272,)
) .
{ Un = gn—1 (3 + 2'”') no= 0

1 2 )

Ex 03 : Let (x,) be the sequence given by

2
Tni2 = -7 T cxg, r1 >0
Tp -InJrl

Evaluate the following limit (in terms of the initial values Xq, X4):

100
X' =AX ;A= 1 2 0
1 0 2

)\1 = 1, v = (—11,1)
Ao =2, 19 =(0,1,0) et v3 = (0,0,1)

Solve the system of differential equations




1
o~
0
o o %
20w
oo
w @ |
+ + &
S5
W
(]
s
S————
0
m
ZS]

Ex 05 : Using Cayley-Hamilton Theorem, calculate the inverse of the matrix

1 1 0
M=\| -1 0 0
2 0 -1

Ex 06 : Let A € M, (R) be a square matrix with
pa(x) =co+crz+ ...+ Cona 2" epx™ o # 0
Prove that
1 n
A—l _ CkAk—l

n—1
tk
tA A k
et =e E (A—AI) o]
k=0

Solve the system of differential equations

“(7)-(52)(0)

Solve the system of differential equations

zh (1) —4 1 1 1 (7)
zh(t) | = I -1 =2 xs (1)
x (1) -2 1 -1 x3 (1)

Let A € M3(R) be a non diagonalizable matrix. Assume that 4, 4, and u are the eigenvalues of A with 4 # .
Prove that
eMt _ At tet
e = M (T +t(A=N))+ ——— (A= \)* — (A—AT)°.
(= A) B A
Solve the system of differential equations

2 (t) 2 -1 2 xq (t)
xh(t) | =1 10 =5 7 xo (1)
(o) (o) ()
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Ex 01 : Calculate the minimal polynomial of the matrix

A—m

Verify that all the matrices of the form

are not diagonalisable.

1 A
A= AER

Is it diagonalizable ?

EXx 05 : Consider the matrix
a b b
A=1 b a b ca,beR
b b a

Show that A is diagonalizable.

Ex 06 : Prove that the nxn matrix
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11 1
11 1
A= .. 7 | eM@®)
11 .01
Is diagonalizable.
Ex 07 : Trigonalize the matrix
(2 -1 pa(r) = (z - 3)°
(1)
Calculate A"
Ex 08 : Trigonalize the matrix
2 —1 2
A — 10 _5 7 pal(z)= Ilif)? ‘1';]5 3 =a*(r+1)
4 _2 2 4 2 r-—2
Calculate A" for any positive integer n.
Ex 09 : Trigonalize the matrix
7 —6 —2
A={2 0 -1 | ;pa(@)=(z-3)
2 —3 2
Then, compute 4”.
Ex 10 : Consider the matrix
0 1 1
A= 1 0 1
1 1 0

1) Verify that A2 = A + 2| and deduce the expression of A1 in terms of A and I, where | is

the identity 3 by 3 matrix.
2) Using the proof by induction, prove that

A" =a, . A+0b,.I;
where

an,b, € N and { Ant1 = an +bn ,n>0 (S)
bn+1 = 2a,
3) Write the system (S) in the matrix form.
4) Calculate a,, and b, in terms of n. Then, deduce the expression of A”.
5) Calculate the minimal polynomial of the matrix A. What to deduce?
6) Solve the system of differential equations X’ — A X
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