1 Minimal Polynomial

We introduce here a second polynomial Extracted from the characteristic polynomial of a
square matrix.

Definition 1 Let A be a square matriz and let pa(x) be its characteristic polynomial. The
manimal polynomial of A, denoted by ma(x), is a polynomial satisfying the following two
properties:

1. ma(x)|pa(x); i.e., ma(x) divides the characteristic polynomial pa (z) .

2. ma(A) = pa(A) = 0 (the zero matriz). That is, ma (x) satisfies Cayley-Hamilton
Theorem as does pa(x).

Theorem 2 The eigenvalues of a matriz A are the roots of ma(z).

Proof. Let \ be an eigenvalue of A and let = be its eigenvector. We do the Euclidean
division of ma(x) by x — A, we obtain

ma(z) =Q (x)(x —A) +¢, ce Rand Q € R[X].

It follows that
0=my(A)=Q(A)(A—AI)+cl.

If we apply this to the vector x, we get
0=Q(A) (Az — \z) + cx.

Hence cz = 0. Since z is not zero, we get ¢ = 0, and so m4 (x) = @ (z) (x — A\) . This means
that A is a root of ma (x). ®

Remark 3 The minimal polynomial of A is a polynomial satisfying the following three prop-
erties:

1. ma(z)lpa (z),
2. ma(A) =pa(A) =0 (the zero matrix),

3. For any A € Sp(A) : ma(\) =0.

Example 4 Calculate the minimal polynomial of the matrices:

21
cas(21)
11
2o (1)

Solution.



1. We can easily prove that p4 () = (1 — z) (3 — x), and so my (z) = pa ().
2. First, the characteristic polynomial is p4 (x) = (2 — 1)?. Hence,
ma(z) = (x — 1) or my (z) = (z — 1),

and since A — I, # 0, then m 4 (z) = pa (z) = (z — 1)°.

Example 5 Determine the minimal polynomials of the following matrices:

011 411 0 1
A=|000], B= 141,0:(1 o)
000 114

o O =

3

e It is clear that p4 () = 2. Then, m, (z) = z3 or 2% or z. On the other hand, we have

ma (z) = z%; since A # 0 and A% = 0.

e Note that after computation, pg (z) = (x — 3)* (z — 6). Since pp () and mp () having
the same roots and mp (x) divides pp (z), then mp (x) = (r — 3) (x — 6) or mp (x) =
(z —3)*(z — 6). But,

(B —3I3) (B —6I;) =

SO = ==
SO = ==
L

It follows that mp () = (x — 3) (x — 6).

e From simple computation, we get pc (z) = (z —1)*. Since A — I, # 0, then
me (2) = (x —1)* = pe (2).
Corollary 6 Let A € M, (R) with ma(z) = (x —a) (x —b); a,b € R. Then A" can be
written in terms of A and I.

Proof. The proof is by induction on n. Indeed,for n = 1, we have

A'=1.A+0.I.

Moreover, for n = 2, A2 = (a + b) A—abl, since m (A) = 0. Assume that A" can be written
in terms of A and I, i.e.,
A" = a, A+ b,l.



Therefore,

AL = AA = A(anA + bol)
anA? + b, A

= a,((a+b)A—abl)+b,A
((a+b)an, +b,) A— aba,I
= f(AI).

This means that A" can be written in terms of A and /. =

Corollary 7 The matriz A is diagonalizable if and only if the roots of ma (x) are simple.

Example 8 Let

b

Il
i ]
_ o =
O = =

Verify that A is diagonalizable.

Solution. From computation, we get
pa(z)=(1+2z)(x—2).

This means that m, (z) = (14 z) (x — 2) or my (z) = (1 + z)° (z — 2). But,

(I+A)(A—2) =

O OO = ==
O OO = ==
OO DO = =

Thus, my (z) = (1 4+ x) (x — 2). It is clear that the roots of my4 () are simple, and hence
A is diagonalizable.

Example 9 Study the diagonalization of the matriz

A= , where a € R.

—_—Q
—_=Q O
Q O O

Since A is a lower triangular matriz, then pa(x) = (¥ —a)®. Since (A —al) # 0, then
ma () can not be (x — a). This means that the roots of ma (x) are not simple, and so A is
not diagonalizable.



Example 10 Consider the matriz

a b b

A=1b a b

b b a

Show that A is diagonalizable.
In fact, we have
100 011
A=al 01 O | +b| 1 0 1 | =als+bB.

0 0 1 110

It suffices to prove that B is diagonalizable. After computation we obtain
mp(x)=(z+1)(x—2),

and hence B is diagonalizable. That is, B can be written in the form B = PDP~', from
which it follows that

A = al3 +bPDP™!
= P(al3+bD)P".

Since alz + bD is diagonal, then A is diagonalizable.

Example 11 Cnsider the matriz
1 11
A=11 11
1 11
By computation, ma (x) = x (x — 3). This means that A is diagonalizable since the roots of
ma () are simple.

1.1 Problems

Ex 01. Find minimal polynomial of the matrix

2 2 =5
A= 3 7 —-15
1 2 —4

Deduce that A is diagonalizable. Ans.

pa(x)=(x—3)(x—1)% and mu (z) = (z —3) (x —1).

0

0 |.

)

ma () =z (z —

Ex 02. Consider the matrix

A=

O =

1
1
0
A

Calculate the minimal polynomial of A. Ans. 2).

4



Ex 03. Calculate the characteristic polynomial of the matrix

el e AN
e i N
I e

1
1
4
1
Deduce its minimal polynomial. Ans.

pa(x)=0B-2)°(T—2) andmy(z) =3 —2)(7T—1x).
Ex 04. Calculate the minimal polynomial of the following matrices

3 00 300 300 310

03 0], 1 3 0], 13 0], 0 31

0 0 4 00 4 014 1 0 4
Ex 05. Verify that all matrices of the forn

1 « .
A—(O 1),04€R

Ex 06. Calculate the minimal polynomial of the matrix

are not diagonalizable.

A
1 A
A= , A€ER.

1 A

I A
Is it diagonalizable ?
Ex 07. Let A € M3(R) given by

3 2 =2
A= -1 0 1
1 1 0

a) Determine the characteristic polynomial of A.
b) Determin the minimal polynomial of A.
c) Is the matrix A diagonalizable?

Ex 08. Find all the matrices A € My(C) whose minimal polynomial is 2 + 1.



Ex 09. Calculate the minimal polynomial of the matrix:

I

|
= = e e e
o = e e e
= R e e e
= e R e e e
e e e
e e e e e
e e e e e e
= s e e

Ans. my (z) =z (x —8).

Ex 10. Calculate the characteristic polynomial and its minimal polynomial of the matrix

25000
02000
A=1 004 2 0
00350
00007

Ans. py(z) = (2 —2)° (& = 7)* and my (z) = (z — 2)* (2 = 7).
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