1 System of linear recurrence sequences

By Bellaouar D.

1.1 Form I (without initial values)

Let (x,) and (y,) be two sequences given by the following relation:

Tn+1 = A11Tn + a12Yn | T _ a (1)
Ynt1 = 21Ty + Q22Yn Yo b )-

In the matrix form, we get

<$n+1) :(an a12> (113n)
Ynt1 /) x, .1 G21 Q22 ) 4 \ Yn /) x.
Or, equivalently, we write (1)) in the form
X1 = AX, , where Xy = ( o ) )
Yo
Consequently,
Xn == AXn,1 - A (AXn,Q) - A2Xn,2 = ... = AnXo (2)
Remark 1 If it is given to us X1, we have only X,, = A" 1X;.
In the general case, a system of k linear recurrence sequences P i = 1,2,...,k is given

by

957(11421 = Gllfl’g) + (112967(12) + .+ alkggff)
(2) (1) ) (k)
Tplq = A21Tn  + G2%n  + ... + QopTn : '
+1 21 2.2 2k : Q;g) GR, for 1 = 1,2,...,k‘. (3)
mgzk—i)-l = akll’g) + akga:f) + ...+ akkx%k)
In the matrix form
! 1
ZL‘7(1+)1 ai; a2 ... Qig ZL‘7(1 )
357(1?1 | G ax ... az 2P
k "
ijlll Xn+1 @1 k2 --- Gkk [ 4 xgl ) X,

. As in (2)), we get

X, = A"Xo.

These problems (the solution of (1)) or (3)) reduce to the computation of A".
Consider the following example:



Example 2 Solve the system of linear recurrence sequences

Tp41 = 25(771 — Un
; (o, =(0,-1). 4
{ Ynt1 = —Tp + 22Uy (%0, 50) = ) (4)

Solution. First, we write the system according to the equivalent matrix form

(), -2, Gn) e ()
y’ﬂ+1 Xnt1 - 1 2 A Yn X - 1

From , we have X,, = A"X,. Moreover, from the previous computation, an explicit
formula if A™ in terms of n is given by

143" 1-3"
no_ 2 2 .
2 2
It follows that
1+3" 1-3" 3" —1
n 0
2 2 2

1.2 Form II (with initial values)

Consider the system of linear recurrence sequences 2l ), fori=1,2,....k:

2y = anal) + apal) + .+ agat) + o
x512+)1 = a21x£}) + CL22:C£L2) + ..+ anq;Sf) + ¢y 0

; e,y €R fori=1,2,.. k.

@

:175521 = aklxg) + agaTn’ + ...+ akkmgc) + ¢k
In the matrix form
1 1
xgw)rl ap; Qi ... Qg m;) 1
xf}rl Q1 Q22 ... Qg :Eq(iz) C2
= + ,
xg?l Xn+1 @kl Ak2 - Akk A xgk) X Ck C
o
22
where Xy = (.) . This means that
oA

X, = AX, 1+ C=A(AX,, 2 +0O)+C =AX,, 2+ (A+1)C

A'Xg+ (AT + A"+ L+ A+ ) C. (7)
n—1
These problems are reduced to the computation of A" and > A’
i=0



Example 3 Solve the system of linear recurrence sequences

Tpt1 = 2Tn — Yn — 1
{ yn+J1r1= —Z, + 2y, + 2 ; (0,90) = (0,-1).

Solution. The system can be written in the following matrix form:

o), (52 )+ ()
Ynt1 /) x, 04 -2 )\ )y, 2 J)o

It suffices to compute A" 1 4+ A""2 + .+ A+ I. Indeed, in view of () we can write

1+3" 1-3"

Am = 2 2 -y Py

=1 153 1£3 | TRV TS
2 2

where

It follows that

n—1
AT A2 L+ AT = U+(1+3+;+3 )V

n 3" —1
= U V.
0 (5)
Finally, from @ we have

13" n 3" —1 1/1 1 3" (1 -1
Xn = (§U+7V)X°+[§U+< 4 )V}O_(§<1 1>+?(—1 1

o) () ()

2n—3"+1
o5 [1n20
4

Exercise 4 Let A € My (R). Assume (A — I,)™" exists, prove that

AV 4 A2 L A4 T=(A"— L) (A-L)".
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