1 Linear recurrence sequences of order k

By Bellaouar D.
Let (ag,a1,...,ax—1) be a system of k real numbers not all zero. A linear recurrence
sequence of order £k is defined as follows:

Tptk = QTp + A1Tp41 + oo + Qp—1Tn4k—1,
Xo,T1,...,Tp—1 € R are given.

Thus, a sequence defined by a linear recurrence relation is uniquely determined by its
first k terms: xg, 1, ...,Tp_1. As an example, for k£ = 2 :

Tpy2 = ATy + A1 Tpy1, (S)
2o, 71 € R are given.

In the equivalent vector-matrix system, we obtain
T2 _ a; Go Tnt1
Tn+1 1 0 Tn ’
Tn+t1 _ 0 1 Tp (Sl)
Lp42 Xonto Ao a1 J 4 \ Tn+t1 Xt ’

from which it follows that

or equivalently

Xn - AXn_l - AZXH_Q = ... = Anile, (1)

Zo

where X; = . Thus, we must compute A" for n > 0.

T
Application. Consider the following example:

Example 1 Let (x,) be the sequence given by

2 *
Lt = ﬁ ; Lo, L1 € RJr. (2)
— +
Tn Tni1

Find the formula of z, in terms of n, then calculate lirll Tn.

Solution. In fact, we write in the form

2 1 1
= = -

Tn Tp—2 Tp—1

.2
Setting — = y,,, we get
x

n

. 1 1
23/71 = Yn—1 + Yn—2, that 1S, Yn = 53/7171 + §yn72-



In the equivalent vector-matrix system, we have
1
()= G ),
Yn—1 10 Yn—2 = —
< Yn ) :A"‘1<y1 ),WhereA: (
Yn—1 Yo

From the computation (the matrix diagonalizable), we obtain

Therefore,

— D=
O NI
N——

1 _1\n—1 1 _1\n—1
oo (M@ A
—1\n—1 —_1\n—1
512-2(5) ] §[1+2(7)
and so
Ly, (! et (= el
Yn = 3 9 n 3 9 Yo
. .
Since z,, = —, it follows that
3
Ty = .
e N (! o
2 T 2 To

Passing to the limit as n tends to infinity, we get

Jm z, = 5—.
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