1 The square root of a diagonalizable matrix
By Bellaouar D.
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Proof. It is clear by computation that vVDvD = D. =

Proposition 2 Let A € M,(R) be a diagonalizable matriz with Sp (A) C Ry. Then /A €
M, (R).

Proof. Assume that A = PDP~!, where Sp(D) C R,. We put
H = PVDP™' e M,(R).
Since vVDVD = D, it follows that

H? = (P\/EP‘1> (P\/BP‘1> — PDP ' = A.

Thus, VA=H. =

Example 3 Consider the matrix

11 -5 5
A= -5 3 =3
5 -3 3

Calculate v/ A.

After simple computation, the eigenpairs of A are:

A =0, By, =Vect{(0,1,1)},
X =1, Ey\, =Vect{(-1,-1,1)},
A3 =16, E)\, =Vect{(2,—-1,1)}.

Further, we see that

0 -1 2 00 0 o 1 1
P=(1-1-1|,D=|1010 |adP'=| -3 -1 3
11 1 0 0 16 r 11



Which gives

VA = pVDpP™!
0 -1 2 VO 0 0 o 1 1
= [1 -1 <1 0 V1 o -3 -3 3
AN IR VAN
3 -1 1
= [ -1 1 -1
1 -1 1

Definition 4 Let A = PDP~! be a diagonalizable matriz whose eigenvalues are given by

the diagonal matrix
D = diag {\i, Aoy ..., A}

For any function f(z) defined at the points (\i), <<, , we have

f ()
F(A)=Pf(D)P =P Foe)

)
For example, if A € My(R) with A = PDP~Y then

f(z)=aF= f(A)=A*=PD*P1 fork>0
f (@) == f(A) =VA=PVDP

f(z)=cosz = f(A) =cos A= P(cos D) P!
f(z)=¢e*= f(A) =e = PeP P!

1.1 Problems.

Ex 01. Let M be a real n by n matrix. We denote by cos M the real part of '™ and sin M
its imaginary part.

1. Show that cos M and sin M commute and that

(cos M)? + (sin M)? = T,.

2. Let 0 be a real number. Calculate

0 1 d.@l
cos( g o )andsin{ o , |

Ex 02. Let

Calculate VA.
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