
1 The square root of a diagonalizable matrix

By Bellaouar D.

Lemma 1 Let
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Proof. It is clear by computation that

p
D
p
D = D:

Proposition 2 Let A 2 Mn(R) be a diagonalizable matrix with Sp (A) � R+. Then
p
A 2

Mn(R).

Proof. Assume that A = PDP�1; where Sp (D) � R+. We put

H = P
p
DP�1 2Mn(R):

Since
p
D
p
D = D, it follows that
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p
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�
= PDP�1 = A:

Thus,
p
A = H:

Example 3 Consider the matrix

A =

0@ 11 �5 5
�5 3 �3
5 �3 3

1A :
Calculate

p
A:

After simple computation, the eigenpairs of A are:8<:
�1 = 0; E�1 = V ect f(0; 1; 1)g ;
�2 = 1; E�2 = V ect f(�1;�1; 1)g ;
�3 = 16; E�3 = V ect f(2;�1; 1)g :

Further, we see that

P =
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1A ; D =
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Which gives
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=

0@ 3 �1 1
�1 1 �1
1 �1 1

1A :
De�nition 4 Let A = PDP�1 be a diagonalizable matrix whose eigenvalues are given by
the diagonal matrix

D = diag f�1; �2; :::; �ng .
For any function f(x) de�ned at the points (�i)1�i�n , we have

f (A) = Pf (D)P�1 = P

0BBB@
f (�1)

f (�2)
. . .

f (�n)

1CCCAP�1.
For example, if A 2Mn(R) with A = PDP�1 then8>>>><>>>>:

f (x) = xk ) f (A) = Ak = PDkP�1 for k � 0
f (x) =

p
x) f (A) =

p
A = P

p
DP�1

f (x) = cosx) f (A) = cosA = P (cosD)P�1

f (x) = ex ) f (A) = eA = PeDP�1

:::

1.1 Problems.

Ex 01. Let M be a real n by n matrix. We denote by cosM the real part of eiM and sinM
its imaginary part.

1. Show that cosM and sinM commute and that

(cosM)2 + (sinM)2 = In.

2. Let � be a real number. Calculate

cos

�
� 1
0 �

�
and sin

�
� 1
0 �

�
:

Ex 02. Let

A =

�
0 i
i 0

�
2M2(C).

Calculate
p
A:
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