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CHAPTER

Sequences and Series of Functions

In this chapter, we will use the concepts developed in Chapter 1 to define and study functions
which are written as infinite series. What we will find is that several functions we know (like
the exponential function, sine, cosine, arctangent, etc.) can be written as an infinite series
which is relatively easy to work with. Furthermore, the representation of these and other

functions by a class of infinite series called "power series" has many applications.

1.1 Sequences Functions

1.1.1 Uniform Convergence of a Sequence of Functions

Definition 1.1.1. (Pointwise Convergence)
Foreachn € IN, let f,, : A C R — R be areal valued function on A. The sequence ( f;;) of
functions converges pointwise on A to a function f if, for all x € A, the sequence of real

numbers ( f,(x)) converges to the real number f(x). We often write

lim f,(x) = f(x) or lim f, = f.

n—oo n—oo

Thus we have

Vx € A, Ve >0, dny € Nsuchthat, Vn € N, if n > ng, then |f,(x) — f(x)| <e.




1.1 Sequences Functions 3

Remark 1.1.1. There are several notations for the sequences of functions

(fn)nelN/ (fn)n20; (fn), or fo,fl,fz,....,fn,....

There is a difference between (f,) and f;: (f,) is the sequence and f, is the term of rank n,

or general term of this sequence.

2 2
Example 1.1.1. Let f,,(x) = x—i—Tnx = % + x, and

n—oo n—o00

2
lim f,(x) = lim <%+x) =0+x=nx.

If f(x) = x, then f, — fasn — oo.In this case, the functions f, are everywhere continuous

and differentiable, and the limit function is also everywhere continuous and differentiable.

fi. fs. fio, fan where fo=(x+nx)/n and fix)=x
30

Example 1.1.2. 1. Letg,(x) = x" on the set [0, 1].

0 if0o<x<1,
lim g,(x) = lim x" = ¢(x) = =
o =0 1 ifx=1

In this case, the functions g, (x) are continuous on [0, 1], but the limit function g(x) is

not continuous at x = 1.

University of Guelma Department of Mathematics W BENRABAH. A



1.1 Sequences Functions 4

n
+ . X
2. VvneN, Vx e RT, f"(x)_1+xn
) 0 ifo<x<l,
~ Y x" B o
Mm fu(x) = lim =2 = flx) = ¢ 1/2 ifx=1,
1 ifx>1.

In this case, the functions f,,(x) are continuous on R™, but the limit function f(x) is

not continuous at x = 1.

g1, G2, 93, G2, Gigo Where gr,(x}=r". The limit g{x) is not continuous on [0,1].

Example 1.1.3. 1. Vn € N*, Vx e R"; gu(x) = 811151—1136) : Since we have

Vn € N*, Vx e RY; 0<|gu(x)| < =, then, g,(x) = g(x) =0.

S|

We have also, Vn € N*, Vx € R, ¢/, (x) = cos(nx), and this clearly shows that, in
the case where x # 2k7t(k € IN) the functions (g/,(x)),>1 has no limit when n tends
to the infinity. For all x € R™ and x # 2k7t(k € IN), we have

4 im g} () # Jim L {(5) ()

X (n—oo n—oo dx

2. Let (hy)n>0 defined on |0, 1] such that,

VneN, Vxe€]0,1]; hy(x) = nx™.

University of Guelma Department of Mathematics %f BENRABAH. A



1.1 Sequences Functions 5

For all x €]0, 1], we have

. . : n , -1
lim h,(x) = lim nx" = lim =lim —— =0,
n—00 n—o0 n—so0 p—NInx n—o0 e~ NINX N

therefore the sequence (h,), converges on |0, 1] to the function & = 0. But

1 ) 1 ) n ) 1
/0 [nlgxgohn(x)]dx:/o 0dx =0 £ 1= lim -~ — lim [ h,(x)dx.

Important Question

Suppose f(x) = lim f,(x) for all x € A. What additional hypothesis would ensure the

n—o0
following?

(i) If each f, is continuous on A, then f is continuous on A.
(ii) if each f, is differentiable on A, then f is differentiable on A.

The best general answer to these questions has to do with the concept of uniform conver-

gence.

Definition 1.1.2. (Uniform Convergence)
Let (f,) be a sequence of functions defined on A C IR. We say that ( f,,) converges uniformly

on A to the limit function f defined on A if for every € > 0 there exists an 19 € IN such that
|fu(x) — f(x)| <e  forall xe€A,
whenever n > ng. Which is equivalent to
Ve >0, dng € N (ng =no(e))/(n >np) = (Vx € A, |fu(x)— f(x)| <e).

or

n—oo n—oo X

im,Lfo — fll = Jim sup|fo(x) — £(x)] = 0.

This means that for every n > ny, the difference between f,(x) and f(x) is less than €

foreveryx € A.
Remark 1.1.2. In the definition, the value of n( is independent of x.

Here is a figure that graphically depicts the definition:

University of Guelma Department of Mathematics %f BENRABAH. A



1.1 Sequences Functions 6

-
-

fn — f uniformly on A

Example 1.1.4. Example of Non-Uniform Convergence

<

nx if0<

R I |-

lim g, (x) = g(x) =0.

gn(x) =19 2_nx if < v

X
172
n n

0 otherwise.
N 1 1
If g(x) := 0, then (g,) — ¢ pointwise. Lete = 5 and x, = - Then

1
\gn(xn) —g(xn)|=1-0l=1>€= >

So, it is not true that for all € > 0, there exist an ny € IN large enough such that n > ny

implies | g, (x) — g(x)| < e for all x. So, (g,) does not converge to ¢ uniformly.

Vi/2(0)

lim,, o0 gn(z) =0 for all =

University of Guelma Department of Mathematics %f BENRABAH. A



1.1 Sequences Functions 7

Example 1.1.5. Another Example of Non-Uniform Convergence For x € Randn € IN,

let
0 ifx<O
enx . 1
hy(x) = oo — nh_r}r.}ohn(x) =1 3 ifx=0
1 ifx>0.

Plot of hi(x), hs(z), and hig(z).

Example 1.1.6. Example of Uniform Convergence

fn(x)zx/x2+% lim fu(x) = Va2 +0 = Va2 = |x].

So, fu(x) = f(x) = |x| pointwise. Let € > 0 be given. Choose 1y € IN large enough such
that — < €. Then for any x € R and n > ng we have

no
x2+ +|x|
|f”(x)_f(x)| = x2+——|X| x2+——|x|
x2+ +]x|
€ 1
= n2 < 1’l2
V¥l 0+ 40
1
= —<e€
n

This shows that (f,) — f uniformly on R. Note that each f,(x) is both continuous and

differentiable on IR, but f(x) = |x| is continuous on R and not differentiable at x = 0.

University of Guelma Department of Mathematics W BENRABAH. A



1.1 Sequences Functions 8

Plot Off1 (x),fg(x),flo(x), and |x|

o5fF

L L L L L L
=3 -2 -1 r 1 2 3

Cauchy Criterion for Uniform Convergence

Theorem 1.1.1. A sequence of functions (f,,) defined on a set A C R converges uniformly
on A if and only if for every € > 0 there exists an ng € IN such that |f,(x) — fu(x)| < €

wheneverm,n > ngand x € A.

Proof. (=) Assume the sequence ( f,;) converges uniformly on A to a limit function f.
Let € > 0 be given. Then there exists an np € IN such that |f,(x) — f(x)| < g, whenever

n>mnpandx € A.Thenifn,m > npand x € A, we have

) = fun(®)]| = |falx) = F() + F(x) = funl¥)]
< [fal®) = fOI+1f () = fu(x)] = 5+ 5 =e.

(<=) Conversely, assume that for every e > 0 there exists an np € IN such that |f, (x) —
fm(x)| < e.whenever m,n > nyand x € A. This hypothesis implies that, for each x € A,
(fu(x)) is a Cauchy sequence. By Cauchy’s Criterion, this sequence converges to a point,
which we will call f(x). So, the uniformly Cauchy sequence converges pointwise to the
function f(x). We must show that the convergence is also uniform. For the value of € given

above, we use the corresponding ny. Then forn,m > ngandall x € A,

[fu(x) = fm(x)] <e.

University of Guelma Department of Mathematics W BENRABAH. A



1.1 Sequences Functions 9

Taking the limit as m — oo gives
|fu(x) — f(x)| <e  forall x€A,

which shows that ( f,;) converges uniformly to f on A. This completes the proof. O

Proposition 1.1.1. Let (f,) — f pointwise on A C R. If there exists a real positive

sequence () such that

e lima, =0,
n—oo

o [fu(x)— f(x)] < ay forall x € A.
Then (fu) — f uniformly on A.

Example 1.1.7. Consider the sequence

e—nx

fu(x) = - forall x € R™ and n > 1.

(fu) — f(x) = 0 pointwise on R™. for all # > 1, we have:

—nx

|[fu(x) = f(x)] = <

n

=y forall x € R™

S|~

1
Since - —n—00 0, we conclude that (f,;) — 0 uniformly on R™.

1.1.2 Uniform Convergence and Continuity

Theorem 1.1.2. Continuous Limit Theorem
Let (fn) be a sequence of functions defined on A C R that converges uniformly on A to a

function f. Ifeach f, is continuous atc € A, then f is continuous atc.

Proof. Lete > (0 be given. Fixc € A. Since f, — f uniformly, there exists anny € IN
such that
\fno(x)—f(x)|<§ forall x e A.

Since f, is continuous at ¢, there exists 6 > 0 such that | fy,, (x) — fu,(c)| < g whenever

University of Guelma Department of Mathematics %f BENRABAH. A



1.1 Sequences Functions 10

jx ¢<dlfjx ¢ < dthen

1) (0] = Jf(x)  fr(¥) + fne(X)  fn(c) + fng(c)  f(0)]
JE) (X)) + jfne(X)  fng(Q)j + jfne(c)  f(0)]
e, e, 8 ¢
3 3 3
The rst and third g are due to uniform convergence and the choice ohg. The secondg is

due to the choice ofd. This shows thatf is continuous at c, as desired.

Remark 1.1.3. The converse of theorenj 1.1]2 is generally false: A sequence of continuous

functions can converge to a continuous function, without the convergence being uniform.

1
Example 1.1.8. Letforalln 2 N f,(x) = Py x 2 | = 10,1 It's clear that (fj) !
f(x) = Opointwise on | that all f,, are continuous on | and f is continuous also, but( ;)

does not converge uniformly to f(x) = Oon I. Since

supjfa(x) f(x)j=211/0 asn! ¥.

x21
Theorem 1.1.3. (Dini's theorem)
Let () be a sequence of real functions de ned on the bounded and closed interval [a, b],
and assume that

N

Each (f,) is continuous on [a, b] for large n,

>

fo ! PCy fonlab)[]
~ fis continuous on [a, b],

" (f,) isincreasing(or decreasing) on [a, b].
8n N;8x2|[ahb], frr1(x) fa(x), or, fo+1(x)  fn(x).

Then (f,) converges uniformly on [a, b].

Remark 1.1.4. The condition"| = [ a, b] is closed and bounded" is really important in Dini's
theorem. Itis thanks to her that we were able to write, in the proof of this theorem, that each

function continues f, is bounded on | and that it reaches its upper limit at a point x, of I.

1p.C means Pointwise Convergence.

University of Guelma Department of Mathematics .






1.1 Sequences Functions 12

Proof. Fixc € [a,b] and lete > 0. We will show that there exists § > 0 such that

f(x) = f(e)

X —cC

—g(o)| <e,

whenever 0 < |x —c| < dand x € [a,b].

For x # ¢, consider the following:

< [ = fl0) _ fulx) = fule)

x—c 8(c) L x—e  x—c |
+ M— fO)+ 0 g0
Since lim f,,(c) = g(c), there exists 17 € IN such that
1fn(c) —g(o)| < g forall n > ny. (1.1.2)

From Cauchy'’s Criterion for uniform convergence, since the sequence ( f;,) converges uni-

formly to g, there exists an 77, € IN such that

[fu(x) = fu(x)| <

whenever m,n > ny and x € [a, b].

Wl m

Set N = max {ny,np}, the function fy is differentiable at c. So there exists & > 0 such that

fn(x) = fn(e)

o whenever 0 < |x —c¢| < and x € [a,b]. (1.1.3)

— fn(e)| <

Wl m

We'll show this J will suffice.
Suppose 0 < |x —c| < dand m > N. By the Mean Value Theorem applied to f,, — fy on
the interval [c, x] (if x < c the argument is the same) there exists « € (¢, x) such that
[fm(x) = fn(x)] = [fin(c) = fn(c)]
F1(w) — flo(a) = UnE) =@ = fnle) = ()]

X—c

University of Guelma Department of Mathematics W BENRABAH. A



1.1 Sequences Functions 13

n(a) — fy(e)] < gand )

’[fm — ()] = [fm(e) = fN(C)]‘<€

xX—c 3

Since f,, — f as m — oo, by the Algebraic Order Limit Theorem

(1.1.4)

UJIU)

X —c

‘f fle)  fn(x) —fale )

Combining inequalities (1.1.1), (1.1.2), (1.1.3), and (1.1.4), we obtain for 0 < |x — ¢| <  and
x € [a,b]

‘f f(c)
333

X—cC

—g(o)| <

This proves that f = l1m fn is differentiable and that f' = ¢ = lim f,. O

n—oo

Example 1.1.10. Earlier, we studied the example

/ 1

We showed that (%, (x)) — h(x) = |x| uniformly on IR. However, since the function i(x) =
|x| is not differentiable at x = 0, by the previous theorem, we know that /},(x) does not

converge uniformly to a limit function on IR. Note that

1 ifx>0
lim ,(x) = lim —————={ 0 ifx=0

n—00 n—00 5 1
VAT 1 ifx <o

Plots of 11 (x), h3(x), hip(x), and |x|. Plots of 1} (x), h5(x), and Iy (x).

University of Guelma Department of Mathematics W BENRABAH. A
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X x2
— 4+ —

h
5 2n,’[ en

Example 1.1.11. Let g, (x) =

n—00 n—00

2
() = fim go() = lim (345 ) = (pointuise)

1
and ¢'(x) = 5-On the other hand,

gh(x) =+ — = h(x) = % = ¢'(x) (pointwise for allx € R).

We'll now examine how the previous theorem applies to this example.

1
Consider the interval [—M, M| where M > 0. Let h(x) = > forall x € R. Lete > 0 be given.

Let N € IN be large enough such that % < €.Thenifx € [-M, M] and n > N, we have

) - = |(3+2) -3 = 2] < 3 <e

This shows that ¢/, converges uniformly to & on [—M, M]. Because we verified that (g;,)

converges uniformly on [— M, M|, the theorem tells us that

lim ¢, (x) = h(x) = ¢'(x) for x € [-M, M|.

n—oo

Since M is arbitrary we can conclude that

Jirgog;(x) =h(x) =¢'(x) forxeR.

University of Guelma Department of Mathematics W BENRABAH. A



1.1 Sequences Functions 15

Theorem 1.1.6. Theorem Related to Differentiable Limit Theorem
Let (fu) be a sequence of differentiable functions defined on the closed interval [a, ], and
assume (f,) converges uniformly on |a,b]. If there exists a point xo € |a,b] where the

sequence (fn(xg)) converges, then (f,) converges uniformly on [a, b)].

Proof. Letx € [a,b] where x # x¢. Both x and x( will be fixed real numbers throughout
the proof. Without loss of generality, we may assume x > xy. (If x < x(, the argument is
the same.) By the Mean Value Theorem applied the function f,, — f,; on the interval [xo, x],

there exists some & € (xg, x) (« depends on m and n) such that

7

f;;(“) _fr/n(“) _ [fﬂ(x) _fm(x)] - [fﬂ(x()) _fm(xo)]

X — X
which implies
[fu(x) = fun ()] = [fu(x0) = fin(x0)] = (fu(w) = fru(&)) (x = x0). (1.1.5)

Let € > 0 be given. Since (f,) converges uniformly, by Cauchy’s Criterion for uniformly

convergent sequences of functions, there exists some 17 € IN such that

| fu(c) = fin(c)| <ﬁ forall n,m > ny and c € [a, b].

By hypothesis, the sequence ( f,,(x() converges. So there exists an 1, € IN such that
€
| fu(x0) — fin(x0)] < 5 forall m,n > ny.
Let N = max{ny, np}. Thenif m,n > N, we have

| fu(x) = fin(x)| < |(fu(x) = fin(x)) = (fu(x0) = fn(x0))| + | fu(x0) — fin(x0)]
=0 (a) = fru(@)) (x = x0) + | fu(x0) = fn(x0)]
“lx—xp)+ <

<3 2
€ €

< — — = €.

= ptp=e©

Since the choice of N was independent of x, this proves that ( f,) converges uniformly on
[a, b]. O

University of Guelma Department of Mathematics W BENRABAH. A



1.2 Series of Functions 16

Remark 1.1.5. Combining the previous two theorems gives a stronger version of the Differ-

entiable Limit Theorem.

Theorem 1.1.7. Better Version of Differentiable Limit Theorem

Let (fu) be a sequence of differentiable functions defined on the closed interval [a,b], and
assume that the sequence ( f,)) converges uniformly to a function g on [a, b]. If there exists
a point xq € [a, b] for which (f,(xo)) converges, then (f,) converges uniformly. Moreover,

the limit function f = lim f, is differentiable and satisfies f' = g.

1.2 Series of Functions
Definition 1.2.1. 1. Let f and f,, for n € IN be functions defined onaset A C R.

(a) Theinfiniteseries ) _ fu(x) = f1(x) + fo(x) + f3(x) + ...... converges pointwise
n>1

on A to f(x) if the sequence of partial sums sg(x) = f1(x) + fa(x) + ... + fx (%)

converges pointwise to f(x) on A.

(b) The infinite series converges uniformly on A to f(x) if the sequence of partial

sums converges uniformly on A to f(x).

2. Let
D= {x € A: suchthat ) _ f,(x) converges} .

n>1

D is the domain of pointwise convergence of the series Z fu(x).
n>1

3. We say that the series ) _ f,(x) is absolutely convergeent on A if the series ) _ | f,(x)]
n>1 n>1
is pointwise convergent for all x € A.

Remark 1.2.1. Since an infinite series of functions is defined in terms of the limit of a

sequence of partial sums, everything we already know about sequences applies to series.

For the sum Z fn(x), we merely restate all of the previous theorems for the sequence of kth
n>1
partial sums

enx
Example 1.2.1. * We consider the series of functions 2 —. The functions f,(x) =
n>1

University of Guelma Department of Mathematics W BENRABAH. A



1.2 Series of Functions 17

enx
— are positive. We have
n

fh+1() n e* X

Jim = Fu() nlgro‘onﬂ =

Therefore, according to d’Alembert’s test(LCT), the series is pointwise convergent if

e* < 1, in other words the domain of pointwise convergence is R* .

sin(nx)
o Let Z be a function series defined on IR. We have foralln € N*and x € R
n>1

1
F.

sin(nx)
n® + |x|

. 1. . . . .
The series 2 — is convergent (Riemann series), therefore according to the compari-
n>1
son test the given series is absolutely convergent on RR.

Definition 1.2.2. We say that the series Y  f(x) is normally convergent on A if and only if

n>1
the series ) _ || ful|o converges such that || f,||, = sup |f,(x)].
n>1 x€A
Example 1.2.2. ¢ The normal convergence of the series of the general term f,(x) =
cos(nx)

————=on R for n > 2. the function cos is bounded for all x € R, thus || f,||,, =
n?In(n)

. As the series Z is convergent (Bertrand series), we conclude that

n21In(n) = n21n(n)

)
the series of functions Z ( g

converges normally on R.
n>2 (

* We consider the function series defined by Z nx2e V" forall x € R+.

n
To study the normal convergence we must calculate || f;;||cc = sup |fn(x)|. The func-
x€RT

tion f,, is differentiable on R* and forall x € R"

/ — —xy/n _ . 2
la) = (2= xyie T =0 x = 2

2 2
then f,, “forx € [0, ﬁ] and f, \ forx € [ﬁ,oo],which implies that

1fulleo = sup |fu(x)] = fi (%) _ e,

xeR*

University of Guelma Department of Mathematics ﬁ



1.2 Series of Functions 18

The series Z 4e2is divergent, then the function series Z nx2e~*vV" does not converge
n

n
normally on R™.

1.2.1 Weierstrass M-test

Theorem 1.2.1. Let A C R. Suppose that there exists positive constants M,, n = 1,2, .....,
such that | f,(x)| < M, forx € A. Ifz M, < oo, then Z fn(x) converges uniformly on

n>1 n>1

A.

Proof. Since |f,(x)| < My, and ) M, is convergent, it is clear thaﬂ fx) =Y fulx)
n>1 n>1
exists for every x € A. Now

n e}
1f(x) =snlle = — ) fi(x) Y filx)
k=1 00 k=n+1 0
< Y @l
k=n+1
< 2: M, — 0,
k=n+1
as k — oo. By definition, this implies that the series is uniformly convergent. (|
Example 1.2.3. Solution. Let0 < a < 1and ab > 1. Show that f(x Z a*sin(b is
uniformly convergent.
We see that |a* sin(bkrcx) <k k=1,2,3,..,since | sin(bknx)| < 1.As Z afis a
k=1

geometric series with quotient 2 and |a| < 1, we know that this series is convergent. Thus,

by Weierstrass’ M —test, it follows that the original series is uniformly convergent

1.2.2 Abel Uniform Criterion

Theorem 1.2.2. Let (f,) and (g,) two sequences of functions defined from A to R such
that:

1. There exists M > 0 such that for alln € N, sup
xe€A

ka

2The absolute convergence implies the pointwise convergence

University of Guelma Department of Mathematics %f BENRABAH. A



1.2 Series of Functions 19

2. forallx € A, (gn) is decreasing.
3. (gn) — O uniformly on A.

Then, the series Y _ f(x)gn(x) converges uniformly on A.
n

1.2.3 Term-by-term Continuity Theorem

Theorem 1.2.3. Let f, be continuous functions defined on a set A C R, and assume

Z fn converges uniformly on A to a function f. Then f is continuous on A.
n>1

Proof. Apply the Continuous Limit Theorem (1.1.2) to the partial sums sy = f1 + f> +

e + fre 0
Example 1.2.4. Show that f(x) = i _2x is continuous
ple1.2.4. Lo .
Solution. Let f;(x) = 2 Then
o k — xz + k4.
2|x|

< , k=1,23,..
|fk(x)| = 2 4 K4
2
We need to find constants M such that | f(x)| < M, so we maximize f(x) = xZ—j_Ck‘l on
[0,00[ . Note that f(0) = 0and f(x) — 0as x — co. Moreover,

2k* — 2x2

F(x) = e = f'(x) =0 [<:>x: ikz],

SO )
F(] < sup () = F8) = s = 2 = M

k=1

(o] [oe]
. 1 . . .
Since kz 1 a2 < oo, the M—test proves that E fx(x) is uniformly convergent. Since f; are
continuous, the uniform convergence proves that also f is continuous.

1.2.4 Term-by-term Integration Theorem

Theorem 1.2.4. Suppose that f(x) = Zun(x) is uniformly convergent for x € [a,b]. If
n

fo, f1, f2, ... are continuous functions on [a, b], then we can exchange the order of sum-

University of Guelma Department of Mathematics %f BENRABAH. A



1.2 Series of Functions 20

mation and integration:

/abf(X)dx = /ab;fn(x)dx = ;/abfn(X)dx = ;/abfn(x)dx.

Proof. Apply the theorem of the uniform convergence and integration to the partial
n

sums s, (x) = Y fi(x). O
k=0

[e¢]

2 1 >
Example 1.2.5. Let f(x) = ) % prove that/ f(x)dx =) In <1 + 1/k4> :
otk 0 k=1

Solution. From the above example (1.2.4) f is uniformly convergent. Moreover, the

uniform convergence implies that we can integrate the series termwise, so

x=1

2x O:ko_illn (1+1/8).

1 o 1 o
/0 f(x)dx = JE/O x2—+k4dx =) [ln(x2+k4)]

k=1 =

1.2.5 Term-by-term Differentiability Theorem

Theorem 1.2.5. Suppose the following three statements:
1. Let f, be differentiable functions defined on an interval A = [a, D).

2. Assume)_ f;(x) converges uniformly to a limit g(x) on A.
n
3. an(x) converges pointwise on A.
n

Then, the series an(x) converges uniformly to a differentiable function f(x) satisfying
n

f'(x) = g(x) on A. In other words,
fx)=) fulx) and  fl(x) =) fu(x).

Proof. Apply the stronger version of the Differentiable Limit Theorem to the partial
sums sy = f1 + fo + ... + f¢. O

[ee]

Example 1.2.6. Show that f(x) = ) _
k=1

——— is continuously differentiable (that is, show

that f € Ch).
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1 1
m. Clearly ‘fk(X)’ S k—z,

defining f(x) is convergent for all x € R (actually uniformly convergent by the M —test). To

Solution. Let fi(x) = k = 1,2,3,.., so the series

show that f(x) is differentiable, we prove the uniform convergence of the series

> > —2x
k_Zlfk(x) =L e

k=1
Clearly f;(x) — 0asx — oo and

_ 6x2 — 2Kk2

IQI(X)—mi [ ,é’(x)zO{:)xzzkz/?)},

SO

fk(2)] < Isitm) |
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where the ag, a4, .... are real numbers called the coefficients of the power serie.

Example 1.3.1.

n n

—1
Z r centered at 0, Z u centered at 1
! n

n>0 ""° n>1

x+2)"
Z nx" centered at 0, 2 % centered at — 2.
n>0 n>1 n

Important Question: For which x € R does the series Y _a,,(x — )" converge?
n

Theorem 1.3.1. If a power series Zanx" converges at some nonzero pointxg € R, then

n
it converges absolutely for any x satisfying |x| < |xo.

Proof. If Z a,x; converges, then lim a,x; = 0. So there exists some M > 0 such that
n—00

n
lanxy| < Mforalln > 0.If x satisfies |x| < |xg|, then

n

<M

xn

X

By the Comparison Test the series Z a,x" converges absolutely as follows:
n

n_ M

= < 0.
1—

Yo
n

<Y anx"| <Y M
n n

X
X0

X
Xo

Thus, ) _a,x" converges absolutely for x satisfying |x| < |xol. O
n

Example 1.3.2. For each power series, state where the power series is centered, identify its

second coefficient, its first term, its sixth term, and its ninth coefficient:

(x_z)n x2n
n24+1"7

(@) fx) = Y

n=0

) S0 =% 5y

Definition 1.3.2. (Radius of Convergence) Let

R = sup {|x0\ DY anxg converges} .

n

Then R is called the radius of convergence of the series Z apx”.
1)
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Remark 1.3.1. From the previous theorem and the definition of the radius of convergence,
itis clear thatif 0 < R < oo, then the series converges for |x| < R and diverges for |x| > R.
Example 1.3.3. For what x does the given series converge?

3 % (0) Y ni(x+ 4)".
n=0

Solution: (2) We can apply the Ratio Test to the terms of this series. First, we have

(x—3)”+1
IR ST C | N [ sl L B
=t T T T, Gay = fm (1/2)x =377 = (1/2)lx = 3],

By the Ratio Test, this series converges absolutely when p < 1. Since p = (1/2)|x — 3|, this
corresponds to the inequality (1/2)|x — 3] < 1 < 1 < x < 5. So the power series converges
absolutely when 1 < x < 5. Similarly, the series diverges when x < 1 orx > 5.

—1)"
We analyze the cases x = 1and x = 5individually: Ifx =1 = f(1) = ) % This series

n
1 .
converges conditionally (it is alternating harmonic). If x = 5 = f(5) = Z o This series
n
diverges since it is harmonic. In conclusion, we have determined that the series
when x € (1,5), the series converges conditionally when x = 1, and the series

diverges for all other x. We summarize this with the following picture,

conv.
cond.

div. l# I ?(lu*. ‘

3

(b) we have
e 0 ifx=—4
n+1 Ux = —
p = lim M2 i (4 1)+ 4] =
n—00 (xn—zi) n— o0 1 else

diverges A diverges
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Corollary 1.3.1. (Cauchy-Hadamard (C-H) Theorem).

If the series Z ayx" has radius of convergence R, then the set of all x for which the series

n
converges is one of the following intervals:
e IfR =0, the series converges only for x = 0.

e If0 < R < oo, the series converges for all x in one of the following four intervals:

(-=R,R), [-R,R), (-R,R], [-R,R].

e IfR = oo, then the series converges for all x € R.

Proof. This is an immediate consequence of the previous theorem and the definition of
the radius of convergence. If the corollary is not obvious, go back and review the previous

theorem and definition. ]

Theorem 1.3.2. (Abel’s Formula).

Let Z ay,(x — a)" be a power series centered at a. Then, the radius of convergence of this
n>0
power series is given by

R = lim 1%
n=roo @y 41|

(assuming this limit exists).

Proof. (Proof of the Cauchy-Hadamard Theorem and Abel’s Formula): Given power

series Y ay(x —a)", letR = lim
Theorem, so we assume for now that 0 < R < 1. Now try to determine the convergence of

|ay|

. We'll begin by proving statement (1) of the C-H

the power series using the Ratio Test; first compute:

Theorem 1.3.3. If a power series E ayx" converges absolutely at a point x, then it
n>0
converges uniformly on the closed interval [—|xo|, |xo]]-

Proof. Foreachn > 0,let M,, = |a,x{|. By hypothesis the series Z AnX( converges
n>0
absolutely and so ) _ |a,xj| = ) M, converges. Then for any x € [—|xg|, |xo|], we have
n>0 n>0

Y anx"

n>0

< Y anx] <Y |anxg| = ) My < 0.

n>0 n>0 n>0
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By the Weierstrass M-test, the series converges uniformly on the closed interval [—|xo], |xo]]-
U

Theorem 1.3.4. Abel’s Theorem about Uniform Convergence

Let g(x) = Y anx" be a power series that converges at the point x = R > 0. Then
n>0
the series converges uniformly on the interval [0, R]. A similar result holds if the series

converges atx = —R.
We have seen that the sum f(x Z an(x —a)" of a power series is continuous in

n>0
the interior (2 — R,a + R) of its interval of convergence. But what happens if the series

converges at an endpoint a + R?
Before we turn to the proof, we need a lemma that can be thought of as a discrete version

of integration by parts.

Lemma 1.3.1. (Abel’s Summation Formula) Let (a,), and (by,), be two sequences of real

numbers, and lets, = Y _ ai. Then
k=0

N N-1
Z anbn - SNbN + Z Sn(bn — bn+1).
n=0 n=0

If the series Zan converges, and b, — 0 asn — oo, then
n

Z anbn — Z Sn(bn - bn+1).
n=0 n=0

Proof. Note thata, = s, —s,_1 forn > 1, and that this formula even holds for n = 0 if

we define s_; = 0. Hence

N N N N
Z Z Sn — Sn—l)bn = Z Subn — Z Su—1bn,
n=0 n=0 n=0 n=0
N
Changing the index of summation and using that s_; = 0, we see that Z Sp_1bn =
n=0
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N-1
Z Spby1 Putting this into the formula above, we get
n=0

N N N-1 N—-1
Z anby = Z Snby — Z Subpy1 = snbn + Z Sn(b —n-—- bn+1)
n=0 n=0 n=0 n=0

and the first part of the lemma is proved. The second follows by letting N — co. [ IWe are

now ready to prove:

Theorem 1.3.5. The sum of a power series f(x) = Y _a,(x — a)" is continuous in its entire

n
interval of convergence. This means in particular that if R is the radius of convergence,
and the power series converges at the right endpointa + R, then %ime(x) = f(a+R),
xTa+

and if the power series converges at the left endpointa — R, then iime(x) = f(a —R).
xya—

Example 1.3.4. Summing a geometric series, we clearly have

1 1 1 > " d 2 2
= = = u" = —1)"x", for|u|=|—-x|<1& |x| <1
T e e g DLAP BN ul = =2 <1 |a
——"

=u

Integrating, we get

x 1 0 " x2n+1
/0 T tzdt = arctanx = 7;)(—1) 1 for |x| <1

we see that the series converges even for x = 1. By Abel’s Theorem

. e = (—-1)
/4 = arctan1 = chlil} arctanx = 31(1_>rr} ng‘b(—l)”zn 1 ) 1

Hence we have proved
n/4=1-1/3+1/5-1/7+ ...

This is often called Leibniz’ or Gregory’s formula for 7.

Uniqueness of power series

Recall that we asked in the last section if a function could be represented by two differ-

ent power series centered at a. To address this question, suppose that function f can be
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represented by some power series on an open interval containing 4, i.e. that
f(x) =Y an(x—a)" =ag+ai(x —a) +ay(x — 2)2 4 az(x —a)® +ag(x —a)* + ...
n=0

on (a — R,a + R) where R > 0 is the radius of convergence of the series. Then, f'(x) can
be expressed as a power series centered at a with the same radius of convergence, so f
is infinitely differentiable on (a2 — R, a + R) (i.e. it is a function which can be repeatedly

differentiated without anything becoming undefined). Furthermore

f'(x) = a;+2ay(x —a) +3a3(x —a)® +4day(x —a)® + ...
"(x) = 2ap+32a3(x —a) +43a4(x —a)® + ...

fOx) = f"(x) =32a3+432a4(x —a) + ...

FM(x) = nlay+ (n+1)ay (x —a) + ...

Now, plug in a for x in each of the following formulas above. We obtain

f'(a) = ay+2ax(a—a)+3a3(a—a)®>+4ag(a—a)P+...=a
f"(a) = 2ay+32a3(a—a)+43a4(a —a)®+...=2a
O ) = f"(a)=32a3+432a4(a —a)+ ... = 32a3

fMa) = nlay+ (n+Dlayq(a—a) + ... = nlay

The key formula that has been derived is in the last line above:

£ (@)

F"(a) = nla, < a, = .

We have proven the following theorem:

(o]
Theorem 1.3.6. (Formula for coefficients of a power series). Suppose f (x) = Z ay(x —
n=0

a)" where this series converges on an open interval containing a (equivalently, the series

has positive radius of convergence). Then, for every n the coefficients a, of the power
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series must satisfy

£ (a)

n!

ay =

Theorem 1.3.7. (Uniqueness of coefficients). Suppose Y  ay(x —a)" = Y by(x —a)"

n=0 n=0
on an open interval containing x = a. Then a,, = by, for alln.
f")(a)
Proof. By Theorem|(1.3.6, both a,, and b,, must be equal to o for all n, thus they are
equal to one another. L]
> 3
Example 1.3.5. Suppose f(x) = ) ———x". Find £9)0).
= (n+1)
; f9(0)
By Theorem |1.3.6{with n = 9, we know that a9 = o Now a9 can be found by the
' 3
formula for f that is given; it is the coefficient on the x” term which is CESE = 3/100.
3.9!
Th have f%)(0) = ==.
us we have f\7/(0) 100

The next question we ask is the converse: if you start with a function f which is infinitely
differentiable on (2 — R, a + R), is it the case that f is representable by a power series? This

leads to the discussion in the next section.

1.3.2 Taylor Series

Definition 1.3.3. Given a function f which is infinitely differentiable on some open interval

containing 4, the Taylor series of f centered at a is the power series

") (a)

n!

(=0 = fla)+ ) - )+ LD a4 D

if

n=0

If a = 0, then the series in this definition, namely

5 L0 o)+ o L0y S0
n=0 : .

is called the Taylor series of f or the Maclaurin series of f.

Remark 1.3.2. It is easy to confuse the terms "power series" and "Taylor series". A power
(o]

series is any expression of the form Z an(x — a)". A Taylor series is a particular power series

n=
associated to some function f which is specified in advance.
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Main questions related to Taylor series:
1. For what x does the Taylor series of a function f centered at a converge?
2. What function does the Taylor series of f converge to?

At this point, we know enough to answer the first question. The Taylor series of a function
f centered at a is an example of a power series centered at a. Therefore, by the Cauchy-
Hadamard Theorem, the Taylor series converges (absolutely) to f (a) when x = a. This is

because

n:

 f(n)(,
;f ,()(x—ﬂ)” = f(a)+0+040+...= f(a).

X=a
We also know that there is some interval (2 — R, a + R) centered at 2 on which the Taylor
series of f converges to something. Ideally, the Taylor series of f should converge to f itself
(since it is the only possible power series representation of f). But we don't know at this point

whether or not this happens, or under what circumstances this happens.
Example 1.3.6. Prototype Example 1: f(x) = ¢*,anda = 0.

Here, we see that (") (x) = ¢* for all n. Therefore ") (a) = f")(0) = 1 forall n and

therefore the Taylor series of f is

2 f00) DL S
Zo TR P By
n=
To find where this series converges, we use Abel’s Formula:
R = 1im [a,|/|ay.1] = lim (n+1) = o0

Since R = oo, this series converges for all x by the Cauchy-Hadamard Theorem.
Example 1.3.7. Prototype Example 2: ¢(x) = sinx,anda = 0.

So the Taylor series of sin x is

© o(n)(Q an )

Zg '()xn _ g(0)+g’(0)x—i—g()x2—i—g (')x3—|—....

= n! 2 3!
= 0+x+0x2—lx3+0x4+lx5+0x6—lx7+
B 3! 5! 7
— i ﬂx%ﬂ

= (2n+1)!
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By an argument similar to the previous example (Abel’s Formula gives R = 0), this series

converges absolutely for all x.

Remark 1.3.3. To study the convergence of Taylor series for arbitrary functions, we return
to the basics of infinite series. Recall from Chapter 1 that a series converges if the limit of its
partial sums exists and is finite. Therefore, to understand the convergence of Taylor series, it
makes sense to talk about the partial sums of a Taylor series. These partial sums are called

Taylor polynomials

Definition 1.3.4. Let n > 0. Given a function f which can be differentiated » times on an
open interval containing a, we can define the Taylor polynomial of order n centered at 4, also

called the nth Taylor polynomial centered at a to be
" 1" (n)
Pu(x) = £(0) + f @)~ ) + LD a1 DD (g L8 gy

Properties of Taylor polynomials

Given any function f, where P, denotes the nth Taylor polynomial centered at 4, the following
hold:

1. P,(x) is a polynomial of degree < n,

CIEf () (a) # 0, then P, (x) is a polynomial whose degree is exactly n,

[\

3. Py(x) is the constant function f(a),
4. Py(x) = f(a) + f'(a)(x — a) is the tangent line to f when x = g,

5. P,(x) is the nth partial sum of the Taylor series of f centered at 4, therefore

fim () = S50

]/[:
if the limit exists.

Example 1.3.8. f(x) = e, a = 0, recall that the Taylor series of f is

2z——1—|—x—i—x2/2—|—x3/(3!)+x4/(4!)+ .....
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Given this, we see that
Py(x) =1, Pi(x)=1+x, Py(x)=14+x+x%/2, P3(x)=1+x+x*/2+x3/(3!),

wPa(x) =14+ x4+ x2/24+x3/(3!) + ..co. + 2"/ (n).

Next, we turn to the problem of determining whether the Taylor series of a function f
converges to f, or to something else. To do this, we introduce a new function, called the nth
remainder, which measures the difference between the original function f and its nth Taylor

polynomial

Definition 1.3.5. Let f be infinitely differentiable on (a2 — R, a + R) and let P, be the nth
Taylor polynomial of f, centered at x = a. Define the nth remainder (of f centered at a) to

be the function

Example 1.3.9. 1. f(x) = ¢%, a = 0, recall that P,(x) = 1+ x + x2/2. In the picture
below, f is graphed in black, P, is graphed in red, and R, (2) is the length of the blue

line segment

2. ¢(x) =sinx, a = 0, recall that P5(x) = x — x>/(3!) + x°/(5!). In the picture below,
f is graphed in black, Ps is graphed in red, and R5(4) is the length of the blue line

segment
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Theorem 1.3.8. (Remainder Theorem). Let f be infinitely differentiableon (a — R,a+ R)
and let P, and R,, be thenth Taylor polynomial and nth remainder of f, centered at x = a.

Then if li_r)n R, (x) =0, we have
n—oo

no£(n)(g
o=y Dy

n—
i.e. f is equal to its Taylor series on (a — R,a + R).

Proof. Recall that P, (x) is the nth partial sum of the Taylor series of f. Therefore, since any

infinite series is defined to be the limit of its partial sums, we have

i f(n)'(a) (x—a)® = lim P,(x) = lim (f(x) — Ry(x)) (by definition ofR;,)
n=0 :

n n—oo n—00
— f(x) - lim Ro(x)
= f(x). (by hypothesis)

[IThe Remainder Theorem sufficiently (for our purposes) answers (at least theoretically)
the second main question related to Taylor series, because it gives a condition under which
the Taylor series of f converges to f itself. In particular, the Remainder Theorem tells us
that to show an infinitely differentiable function is equal to its Taylor series, we need only to
show that nlg{}o Ry (x) = 0. However, the definition of R,,(x) alone is insufficient to evaluate
this limit. We need an alternate representation of the nth remainders which will allow us
to show that nh_r)r.}o R, (x) = 0. To get this alternate representation, we first recall a theorem

from Calculus I

Theorem 1.3.9. (Mean Value Theorem (MVT)). Let f be differentiable on the interval

University of Guelma Department of Mathematics %f BENRABAH. A



1.3 Taylor and Power Series 33

[a,x]. Then, there exists az € (a,x) such that

f(x) = fla) _
2218 — pe)
Theorem 1.3.10. (Taylor’s Theorem). Suppose f can be differentiated n + 1 times in an
open interval (a — R,a + R) (whereR > 0). Then, forallx € (a — R,a+ R) and alln > 0,

there exists a z between a and x such that

— f(n+1)(z) n+1
Rn (X) W (x — a) .

Proof. First, a remark: this proof will use the Mean Value Theorem. The proof of the
Mean Value Theorem is deep; take an advanced calculus course if you want to see that.
Now, let’s prove the theorem. Fix x € (2 — R,a + R) and recall that R,,(x) = f(x) — P,(x).
Define a new function g, whose input variable will be called ¢, by setting g(t) equal to

_ t)n-l—l

fx) - f(t)+f’(t)(x—t)+]¥(x—t)2+...+m(x—t)” R0

n! (x —a)nt1’

Observe that ¢(a) = 0 and g(x) = 0. Now apply the Mean Value Theorem to g to find a point

z between a and x such that

Last, evaluate the derivative of g. We have

S = Tg(t) s

= (0=[fO+FOE-0-FE)+(fB/@) -2 = O -1) +

| (n+1) (n)
N (f DOy - (J; f&“‘””“)

notice that the terms inside the brackets cancel out to leave

(n41) »
¢@) =L Wy %m F1)(x— )"
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Since ¢’'(z) = 0, we have

0 _f(n+1)(t)

n! Rn(x)ﬂ (n+1)(x —1)" & Ru(x) =

(x—a)"

(x — 1)+
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