MATH 116 — PRACTICE FOR EXAM 2

Generated October 29, 2018
NaAME: _ SOLUTIONS

INSTRUCTOR: SECTION NUMBER:

1. This exam has 9 questions. Note that the problems are not of equal difficulty, so you may want to skip
over and return to a problem on which you are stuck.

2. Do not separate the pages of the exam. If any pages do become separated, write your name on them
and point them out to your instructor when you hand in the exam.

3. Please read the instructions for each individual exercise carefully. One of the skills being tested on
this exam is your ability to interpret questions, so instructors will not answer questions about exam
problems during the exam.

4. Show an appropriate amount of work (including appropriate explanation) for each exercise so that the
graders can see not only the answer but also how you obtained it. Include units in your answers where
appropriate.

5. You may use any calculator except a TI-92 (or other calculator with a full alphanumeric keypad).
However, you must show work for any calculation which we have learned how to do in this course. You
are also allowed two sides of a 3" x 5" note card.

6. If you use graphs or tables to obtain an answer, be certain to include an explanation and sketch of the
graph, and to write out the entries of the table that you use.

7. You must use the methods learned in this course to solve all problems.

Semester | Exam | Problem | Name | Points | Score
Winter 2012 3 3 12

Fall 2013 3 2 11
Winter 2014 3 4 10

Fall 2014 3 10 10
Winter 2015 3 1 10
Winter 2016 3 2 12
Winter 2017 3 3 9
Winter 2018 2 6 12
Winter 2013 3 9 14
Total 100

Recommended time (based on points): 117 minutes
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3. [12 points]
a. [6 points] State whether each of the following series converges or diverges. Indicate
which test you use to decide. Show all of your work to receive full credit.

=1

Solution:  The function n\/%in is decreasing and positive for n > 2, then the

o0
Integral test says that Z

© 1
behaves as / dz.
2

Inn Inz

o 1 ‘ b 1 ' Inb Inb
— dr = lim dr = lim Uu 2du = hm 2\/_}1112 =
2 Inx

b—o0 92 T lnx b—00 In2
o0
1 .
Hence E diverges.
—nvinn
oo
5 Zcosz(n)
n=1 v ’I’L3

2
1
cos”(n ) —, and E — converges by p-series test (p =

vn3 ns o ne
5 = cos?(n)

5 > 1), then comparison test yields the convergence of Z N

Solution: Since 0 <

n=1

b. [6 points] Decide whether each of the following series converges absolutely, con-
verges conditionally or diverges. Circle your answer. No justification required.

d )"Vn? 41
LG

n2+n+8

Converges absolutely ’Converges conditionally Diverges

w
3

>

n=0

Converges absolutely Converges conditionally

University of Michigan Department of Mathematics Winter, 2012 Math 116 Exam 3 Problem 3 Solution
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University of Michigan Department of Mathematics

x / 1 [oe) / 2 x 1
Solution: Z n2 o = Z > j_ 3 behaves as Z - since
: ’rL:O n=1
n23—2n—:-8 nv Tl2 + 1
h 1 = 2— = 1 > 0
n—00 = n—oo N< +n + 8

1
Since Z — diverges (p-series test p = 1), then by limit comparison test
n

n=1

g diverges.

— n2 +n+ 8
vn?+1
The convergence of g —U)"Vn + follows from alternating series test since for
“—~ n’+n+38

ay = Yot

n n? +n+8 :

e lim a, = 0.

n—oo
e, is decreasing

d n?+1 1\ —1+6n—n
dn \n?+n+8)  V1+n2(n2+n+8)?

for n large

o _9 3n 00 8 n

Z ( 52 — Z (—g) is a geometric series with ratio
n=0 n=0

r= _g < —1, hence it diverges.

Winter, 2012 Math 116 Exam 3 Problem 3 Solution
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2. [11 points| Determine the convergence or divergence of the following series. In parts (a) and
(b), support your answers by stating and properly justifying any test(s), facts or computations
you use to prove convergence or divergence. Circle your final answer. Show all your work.

[e.9]

a. [3 points] Y e_fzn CONVERGES  DIVERGES
n=1

Solution: 9 9
lim — ' — lim =9 #£0.

n—oco e "+ n n—oo N

oo
9
Since lim,_, a, # 0 then nzl ﬁ diverges.

> 4
b. [4 points] E (17 CONVERGES DIVERGES
n
n=2

nn)?’

Solution: The function f(n) = —2—~; is positive and decreasing for n > 2, then by

n(lnn)
— 4

Integral Test the convergence or divergence of Z ——— can be determined with the
o n(lnn)

4

[e.9]
convergence or divergence of ——dr
9 z(lnz)

4 4
/dx = / —du where ©v = In .
z(Inx)? u?

4 4
=—+C=—-——7-+C
U Inx
Hence
/°° J . 4 4
——dr = lim ———15 = — converges.
9 z(lnx)? booo Inz'? In 2 &
or

University of Michigan Department of Mathematics Fall, 2013 Math 116 Exam 3 Problem 2 Solution



Math 116 / Final (December 17, 2013) page 5

n2

n" +4

oo
c. [4 points] Let r be a real number. For which values of r is the series Z(—l)"
n=1
absolutely convergent? Conditionally convergent? No justification is required.

Solution:
Absolutely convergent if : r > 3
Conditionally convergent if : 2 < r <3

Justification (not required):
e Absolute convergence:

> n? = n = n? =1
The series Z (_1)nn7" n 4‘ = Z T behaves like Z e Z X The last
n n=1 n=1

n=1 =1 = =
series is a p-series with p = r — 2 which converges if »r — 2 > 1. Hence the series

converges absolutely if r > 3.

2

e Conditionally convergence:

The function is positive and decreasing (for large values of n) when r > 2.

n
n" +4
n2

n" +4

oo
Hence by the Alternating series test Z(—l)” converges in this case.
n=1

University of Michigan Department of Mathematics Fall, 2013 Math 116 Exam 3 Problem 2 Solution
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4. [10 points| Determine whether the following series converge or diverge. Show all of your work
and justify your answer.

o

8" 4+ 10"

a. [5 points] Z 2;7”
n=1

8" +10™
on

‘ Solution: lim,_sso = oo therefore by the nth term test the series diverges.

[e.9]

1
b. [5 point —_——
[5 points| Z n3 + n? cos(n)
n=4
= 1 — 1 — 1
Solution: ng4 Wcos(n) < 34 m < 7;4 e The final series is a convergent

p series since p = 2 > 1. Therefore the original series converges by comparison.

University of Michigan Department of Mathematics Winter, 2014 Math 116 Exam 3 Problem 4 Solution
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10. [10 points] Determine whether the following series converge or diverge. Justify your answers.

a. [5 points] Z (1" In(n)

n=2 n
Solution: Note that this series is alternating and that the absolute values of the terms
In(n
’|(’)‘ form a decreasing sequence that converges to 0 as n approaches co. Therefore,
n

this series converges by the alternating series test.

o0
n
b. [5 points _—
oo Y-

Solution: This can be done with a comparison or limit comparison test. For comparison:

\/77;l+2>3\7$:<i1)’>\/15

o0
By the p-test with p = 1/2 < 1, we have that Z diverges. By the comparison test,
=1

1
= Vn

oo
n
the series E —— also diverges.
n=1 n3 +2

University of Michigan Department of Mathematics Fall, 2014 Math 116 Exam 3 Problem 10 Solution
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1. [10 points] Show that the following series converges. Also, determine whether the series
converges conditionally or converges absolutely. Circle the appropriate answer below. You
must show all your work and indicate any theorems you use to show convergence
and to determine the type of convergence.

oo

—1)"In(n
Z( )n (n)

n=2

‘ CONVERGES CONDITIONALLY‘ CONVERGES ABSOLUTELY

Solution:
The series we obtain when we take the absolute value of the terms in the series above is

o
| ]
g n(n) Now consider the integral / n(z) dz. By making a change of variables we see
n 2 T

n=2
00 b
/ 1n(w)dx: lim/ ln(w)dx
2 X b—o0 2 X

that

In(b)
= lim udu
b—o0 In(2)
. (In(b))*  (In(2))?
pu— 1 _
oo 2 2
= +OO

o
In(n
and so the integral above diverges. Thus, the integral test implies that g L) diverges.
n
n=2

= 0, we have that Z M

n=2

In(n +1) < In(n) and lim In(n)
n+1 n n—oo n

alternating series test.

converges by the

Since

1)"In(n)

o0
Altogether we have shown that the series Z ( is conditionally convergent.

n=2

Winter, 2015 Math 116 Exam 3 Problem 1 Solution
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2. [12 points] In this problem you must give full evidence supporting your answer,
showing all your work and indicating any theorems about series you use.

a. [7 points] Show that the following series converges. Does it converge conditionally or

absolutely? Justify.
i (="
n!+ 27

n=1
Solution: We notice that
-uyr| 1 1
x| = o gz—n foralln >1 (%)

The series

o0

3

n=1 2
converges because it is a geometric series with ratio 1/2 and [1/2| < 1. Thus, using the
inequality (x), the series

n! 4+ 2n
n=1

converges by the comparison test. Since this series converges, the series

[ee] 1 n
>

n=1

converges absolutely. (This also shows that it converges).

b. [5 points] Determine whether the following series converges or diverges:

>
o nlnn
Solution: The function f(z) = — 11193 is decreasing and has lim f(xz) = 0. Moreover,

T—r00

oo b Inb
/ dxr = lim dxr = lim —du = lim (In(Ind) — In(In2)) = 0o
9 zlnx b—oo Jg zlnz b—=00 Jing U b—00

1

zlnzx
diverges. Therefore, the integral test applies and tells us that the series in question di-

(e.o]
where in the second equality we used the substitution v = In z. So the integral / dx
2

verges as well.

University of Michigan Department of Mathematics Winter, 2016 Math 116 Exam 3 Problem 2 Solution
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[9 points] In this problem you must give full evidence supporting your answer, showing all
your work and indicating any theorems or tests about series you use. (Remark: You cannot
use any results about convergence from the team homework without justification.)

. [4 points] Determine whether the series below converges or diverges, and circle your
answer clearly. Justify your answer as described above.

5o ()

Diverges

Converges

L :

mit Compare Wity Zr’ 5 S
o SnC/) ces() " 3

™m - o
W= 00 'y .o _W—‘t E
(Top awd boflom appreacl © as n =280, So con USL
Lllord-a.ls Rude) _ Lo Cos (&) = cesto) s 1.

2_'_ T — p-test (p=4) so
y k 2 :\?(*) &ue,« by Iimid companison.

b. [5 points] Determine if the following infinite series converges absolutely, converges
conditionally, or diverges, and circle your answer clearly. Justify your answer as

described above. oo -
(=1

=n In(n)
Converges Absolutely Converges Conditiona Diverges

\ (‘0‘
Alderwades v Bur n L\(,)\ Zn:.u)

| +erms) “&N&smo Com B¢ nesolved weng
terms — 07 *he («Ndn.\ ‘est :

So Senies Convaret “ b
by e o.\#ww.wwa i -y -2,,.. Lnfa X )2
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Winter, 2017 Math 116 Exam 3 Problem 3 Solution

University of Michigan Department of Mathematics
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6. [12 points] Determine whether the following series converge or diverge.
Fully justify your answer. Show all work and indicate any convergence tests used.

o
n? + ncos(n)
[6 points] Diverges
nz_:l vn® —n+1 & &

Justification:

Solution: Since
n*+ncos(n) 1

~

Vnd —n4+1  n?

we use the limit comparison test comparing with -5
n

n?+4n cos(n) 4 3 ( )

. VnB8—n+1 . N+ n’cos(n
hm nfn-i_l = hm —_— = 1

n—+00 P n—00 nd—n+1

We can see this is true by using domination arguments the numerator is dominated by
n', while vn® —n + 1 is dominated by vn® Since Y °° 2 converges by p-test (p = 2),
our original series converges by the LCT.

[e.9]

sin(n
b. [6 points] g (n) Converges Diverges
en
n=0
Justification:

Solution:  The terms in this series are not positive, but it is also not an alternating
series. We will consider the series

> [

n=0

sm

Z \sm ] 1)

Since |sin(n)| < 1 we have
|Sln 1
Z &
n=0

The larger series Y 7 o on converges by the geometric series test since the common ratio

1/e is less than 1. (Note that there are many other ways to show that this series con-
sin(n) sin(n)

verges.) Therefore ) ° | | =5 | converges by comparison. Since >~ 7/ |*2 ‘ converges,
oo .
. : sin(n) . :
our original series E —,— converges absolutely, and, specifically, must itself converge
e
n=0

(this is sometimes called the absolute convergence test).

University of Michigan Department of Mathematics Winter, 2018 Math 116 Exam 2 Problem 6 Solution
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9. [14 points] Determine the convergence or divergence of the following series. In questions
(a) and (b) you need to support your answers by stating and properly justifying the
use of the test(s) or facts you used to prove the convergence or divergence of the series.
Circle your answer. Show all your work.

= 2n
a. [4 points] Z —
—~Vni+1

Converges Diverges

Solution: You can use either the limit comparison test or the comparison test.
We simply use the comparison test. We know that
2n 2n 1
< .
0< n5+ 1~ nd/2 — 2n3/2
B Zl ges by th ‘th'i% ges b
ecause —— converges by the p-series, the series ——— converges by
3/2
n3/ —Vni+1
the comparison test.
© q
b. [4 points] Zn%’”d Converges Diverges
n=1

Solution: Since the function f(z) = z2¢~*" is positive and decreasing for z > 1, we

o0
can use the integral test to determine the convergence or divergence of Z n2e "’

n=1
To do this, we use u-substitution. Let © = —a3, du = —322dx. Therefore
00 5 b 5 0
/ r?e dr = lim e dr = lim - e'du
0 b—oo J b—oo 3 J 43
1 1
— 1' e 0 9 = —,
fim 3¢ o =3

[ee]
Hence Z n2e "’ converges by the integral test.
n=1

c. [6 points] Determine if the following series converge absolutely, conditionally or
diverge. Circle your answers. No justification is required.

. sin(3n
). Z n6(—|- 1)

n=1
Converges absolutely Converges conditionally Diverges
- n
b). —1)"—
S
Converges absolutely Converges conditionally Diverges

University of Michigan Department of Mathematics Winter, 2013 Math 116 Exam 3 Problem 9 Solution



