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Characteristie Polynomial, Eigenvalues and Eigenvectors
of a square matrix
Ex 01 : a) Compute the characteristic polynomial of the matrix
1 11
As = 1 1 1
1 1 1

Ans: 7% (3 — 1)
b) Deduce the characteristic polynomial of the general matrix:

I 1.+ 1
1 1..-.. 1

Ay = R . | € M, (R)
11 1

1.e., extend to n-dimensions.

Ex 02 : Find the characteristic polynomial of the matrix:

7 —6 =2
A=12 0 -1, ps(e)=(z—3)°
\ 2 -3 2

Ex 04 : (i) Let Aand Bbe two matrices such that
A’=B®=(4B? =1,

Prove that AB= BA -
(1) Let A, B € M, (R). Assume that A s invertible. Show that

Ex 05 : Consider the following matrix

12
- (53)

Find all eigenvalues and corresponding eigenvectors for the matrix A .




Ex 06 : Determine the eigenvalues and eigenvectors of the following matrices

(30

Ans:
eigenvalues eigenvectors
. 1
! 0
5 1
) 2
2 6
NA=|""
) 0 2
Ans:

eigenvalues eigenvector

2 (double) ( (l) )

12 3
NA=|02 3
00 —F
Ans:
eigen‘\fah_ies eigenvectors
1 (1,0,0)
y (2,1,0)
100
) A=|120
10 2
Ans :

-1 0
eigenvectors: 1 -1, 179,
1 0




Ans: A =0 is the only eigenvalue of A (the algebraic multiplicity is 3)
(1,0,0),(0,1,—1) are corresponding eigenvectors of \.
200
6) A= 120
03 2
Ans: A =2 and Fy = Vect {(0,0,1)}

Ans:
~1 0 1)
eigenvectors: 1 «— (0, 0 |, 1 — 2
0 1 0
a 2 3
8) A= 0 2a 8 ,a€R
0 0 3a
Ans :
eigenvalues elgenvectors
a (1,0,0)
2a (2,a,0)
3a (3a + 16, 16a, 2&2)

Ex 07 : Determine all eigenvalues and their algebraic multiplicities of the matrix

1 a 1
A=1a 1 «a
1 a 1

where a is a real number.




University § Mai 1945-Cuelma
Department of Computer Science
Abgebna 3 Feot Number 2 20242025

Similar Matrices, Diagonalizable Matrices

Ex 01 : (a) State the definition of two similar matrices A, B € M, (R) (in this case, we
denote A~ B).
(b) Prove that : A~AIn~B= A~ 1 L+B.
(c) Let Aand Bbe two similar matrices, i.e,

A= PBP™!
for some invertible matrix P, and let (4,x) be an eigenpair of A. Show that (4,P7x) is an
eigenpair of B,

(dLet fr(z) = ao+aiz+ ...+ a2" be apolynomial of degree r. If B= P 7AP, then
prove that

Ex 02 : Using two methods, prove that similar matrices have the same eigenvalues.

Ex 03 : Prove the following implicati ntial ofa Matrix )

Ex 04 : Let Aand Bbe the matrices
2 1 d 0 2
3 3 )" L2535

Ex 05 : Let Abe a diagonalizable matrix Wthh has a unique eigenvalue A. Prove that A = A,
where [is the identity matrix.

‘| Prove that Ais similar to B.
Find the matrix C such that

Ex 06 : Study the d1ggonalization of the following matrix

Ex 07 :
Let A € M, (R) be a diagonalizable matrix with sp(A) = {-1,1}. Prove that A~1 = A .

4



Ex 08 : Let Aand Bbe two diagonalizable matrices with P"'AP = D, and P™'BP = D, for
some invertible matrix P. Prove that AB= BA.

Ex 09 : a) Determine whether the matrix

1s diagonalizable or not.

b) Let

Find the values o for which the matrix A, is diagonalizable. Ans: A, is diago iff o = 0,

Ex 10 : For which values of ¢ the matrix

i ( ey

1s diagonalisable.

Find all the eigenvalues of A(a).

Find the real parameter a for which the matrix A(a) is diagonalizable, and give in this case the
diagonalization formula of A(a).

Ex 12 : Let

P fip S5 (12 - l)p’
We denote by B= {1,x,x*,x°} the canonical basis of Ps[x]. Calculate A7; (B).

We ask whether 1 is diagonalizable or not. If the answer is positive, then give the
diagonalization formula of £
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Exponential of a matrix, cosine(matrix), sine, log,...
On the powers of a square matrix. How to find A* 9

Ex 01:
1. State the definition of the notion « Exponential ofa square matrix »

O

2. Calculate e~ , where O is the zero matrix.

Let A€M, (R) and A € R . Prove that

Ex 02 : Let Abe the matrix

11
A=
0 2
Prove that Ais diagonalizable, and deduce exp(A) .

Ex 03 : Prove the following theorem : Theorem : Let A € M, (R). Then the series

is absolutely convergent (then convergenf :

.| Ex 04 : Let Abe a square matrix. Prove that

Ex 05 : Let

1 3 =3
A= I & =i
-2 2 0

1. Find all the eigenvalues and eigenvectors of A.
2. Deduce that Ais diagonalizable.
3. Compute exp(A).

— -

Ex 06 : Consider the following two matrices




1 1 1 =1
Az(o 0)’32(0 0 )

eMB oL oA B oL B A

Ex 07 : Consider the matrix
1
A= 2
1

Calculate logA. i.e, find a square matrix B € M, (R) such that A = e? .

v
Z

Verify that

DOt e

NS

Ex 08 : Let Abe a diagonalizable matrix; .e A= PDP™' for some invertible matrix P, prove
that

lim A* = P. lim DF.p~!

k—-s00 k—00
Consider the matrix
1 1
- 2
A=| 7 &
4 4

Calculate lim A*
fm003
Ans :

lim A = P, lim DF.p]

= (Y =2 ¥ 0 !
AL 2 Jeeh o YA

Ex 09 : Determine the eigenvalues and eigenvectors of the following matrix

3 1
(50

For each positive integer k, calculate A”.
Ans :

L0 L0 0D
N’

eigenvectors: (—1,2) < 1,(—1,1) < 2

2k-|—1__1 2k_1
Ak:(2~2’f+1 2—2k>;k€N

Ex 10 : Consider the matrix

9 0 0
A=} -5 4 0 9 0 0
_ Ar=| 4" =9" 4 0
& .1 (1—9“ 0 1)

Compute A*;n e N .
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System of linear recurrence sequences,
System of Differential equations, Cayley-Hamilton Theorem

Ex 01 : Solve the following system of linear recurrence sequences

Trat == 3, =1
n+1 n Yn : (il?o;:l/o) — (1, 2)
Yn+1 = —Tp + Syn :

Ans :
&y = 2'”"‘1 (3 _ 27,,) .
{ By, = A (3 + Qn) in>0

Ex 02 : Consider the determinant

Prove that D, = 2D¢z—is; D;,_5. Calculate the value D,, in terms of n.

Ex 03 : Let (z,,) be the sequence given by

2
Lny2 = 1 1 yZo , 1 >0
e i :
Tn  Tpya

| Evaluate the following limit (in terms of the initial values X0, X1):

lim z,
N—>—+00

Ex 04 : Solve the system of differential equations

L}

Solve the system of differential equations

M=1, v;=(-1,1,1)
)\2 = 2, Vg == (0, 1,0) et Vg = (O, 0, 1)




Ex 05 : Using Cayley-Hamilton Theorem, calculate the inverse of the matrix

1 1 0
M= -10 0
2 0 -1

Ex 06 : Let A € M, (R) be a square matrix with
pa(z)=co+ciz+..+cp12" + ez ;o #0
Prove that

Ex07:Let AeM,(R)bea square matrlx Wthh has one elgenvalue say 4. Prove that
g

"*‘,Y,A___Q -

a (Y (21 x
o (@/) ''''' (0 2>(:¢)

Solve the system of differential equations

2 (t) —4 1 1 x1 ()
1'2 t) | = 1 -1 =2 xo (t)
z5 (1) -2 1 -1 z3 ()

Let A€ M3(R) be a non diagonalizable matrix. Assume that A, A, and  are the eigenvalues of A with 4 # u.
Prove that

, . HE oA , tet
e — M (T bt (A— A+ "€ (A_AD?2—

Solve the system of differential equations
)
)
)

2 (t) 2 -1 2 x
ze(t) 1 =1 10 -5 7 o
x5 (t) 4 -2 2 .

(A— D)2,
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Ex 01 : Calculate the minimal polynomial of the matrix

11

Verify that all the matrices of the form

A:(é f) 0

Ex 02 : Determine the minimal polynomial of the following matrices

0 1 1 411 0 1
a) A= 0 00 |,0)A=1 4 1 , C) (1 0 )
0 0O 11 4 -

are not diagonalisable.

Ex03:1f ma(z) = (z — a) (z — b). Show that A" can be only written in terms of Aand I,

Ex 04 : Calculate the minimal polynomial of the matrix
(2 \
1 A

A= RV T AER

[s it diagonalizable ?

Ex 05: ansider the matri)g

Show that Ais diagonalizable.

Ex 06 : Prove that the nxn matrix

10




11 .1
L1 .1
A= . € M, (R)
11 .1
is diagonalizable.
Ex 07 : Trigonalize the matrix
. 2 —1 palz) = (z —3)?
Calculate 4",
Ex 08 : Trigonalize the matrix
2 -1 2
A — 10 _5 7 palx)= %’-';)2 :)7:—}5 3 = (r+1)
4 ......,2 2 4 -2 x-2
Calculate 4" for any positive integer n.
Ex 09 : Trigonalize the matrix
7 —6 —2 ..
A=12 0 =1 | ;pax)=(zx-3)°
2 -3 2

Then, compute A~

Ex 10 : Consider the matrix

1) Verify that A = A+ 2] and deduce the expression of A™ in terms of Aand I, where Iis

the identity 3 by 3 matrix.
2) Using the proof by induction, prove that

A" =an. A+b,.I-

where

g 1 = (1} b ~
(y, b, € Nand { 97! " On ,n>0 (9)
bn+1 = 2(1%
3) Write the system (S) in the matrix form.

4) Calculate a,, and by, in terms of n. Then, deduce the expression of 4.
5) Calculate the minimal polynomial of the matrix A. What to deduce?
6) Solve the system of differential equations X/ — A X

11



