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Csral"acterisÉic polynormi*l, §ig

Ex 01 : a) Compute the characterirrljri,ifiTff;

envalues and Eigenvectors
rnatrix
of the matrix

As

b) Deduce the characteristic polynomial of the general matrix:
Ans: c2 1S - r)

4,, e n4, (R)

i)
1

1

1fi
1

1

1

1

1

1

r.e., extend to n-dimensions,

the characteristic polynomial of the matrix:

11 1

*6 -20-1 , pe(r): (r - B),

Ex 02 : Find

2-3
A- {"

\z
:it

'Ex 03 : Let A e N&, (R) be a matrix. Prove the fo

Prove that,AF= RA 
2 : B2 * {AB)' -= rn

(il Let A, B e Mn(R). Assume that Ais invertible. show that

q;Q§ : Consider rhe following matrix

Ex 04 : (r) Ler A and B be two matrices such that

(A 12
32 )Find all and vectors for the matrix A1



of the following matrices

(i))*'(c'Ir:'lrrrre)

(lT)

2) A-(:i)

1)

5A-(ili)

Ex 06 : Determine the eigenvalues and eigenvectors

1) A-

/tz
,3) A: (\: i

{(r,)}-'{(l)

eigetr.alttes eigenve()telrs

(t)
(;)

eigenvec:tors
(l,u.u)
(2. l, t))

(5, 6, - 14)

I

Ir

eig;etn ectr,rr

(à)

Ans

Ans:

eigenr.ah-tes

,] (douï:le)

Ans
.l

eigel]\'r1lLtes

1

2
v

- ,.}

Ans :

rn

2

t- -

4A-(1ïi)



Ans: À - û is the onl_v eip;em.alue ot
i1, {-), ü) , (0, 1. -1) are r:or}'esp*uclinp_;

A the alp-;eblai* multiplicitl is 3 )

eigenr.ectnrx of À.

2 0 0

12 0

032
An.s: À - 2 and E.l : I,recf {{tl,0, 1)}

7) A:
1 1û\

;âi)
Ans:

eig;em.ec,-rs: 

{(; )}-- {(i) (i)}*,

8) A-
A,2
02a
0ü

,ù
8

3rt,

,a€R.

Ans :

eigein'ahies eigenr.ectors
( 1, ü. t))

{2, o. ü)
(:3ri + 16. 16n. 2"')ti

CL

2a
,)
.)ar

Ex 07 : Determine all eigenvalues and their algebraic multiplicities of the matrix

ï

(ï,

I

{T

1

{T

where a is a real number.

J

i)

6) A-(

A- 
{
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Similar Matrices, §iagonalizable Matrices

Ex 01 : (a) Stüe the definition of trvo similar matrices A, B € Mn(R) (in this case, we
denote A- B).
(b) Prove that : A- )" In - Bà A- ), In+B.
(c)Let Aand Bbe two similar matrices, i.e,

A: PBP-I
for some invertible matrix P, andlet (rt,x) be an eigenpair of A Show that e.,p-rx) is an
eigenpair of B.

(d)Let f. @)
prove that

&o * arr +.... { *,r,r be apolynomial of degree r.Tf B: p-1,4p,then

Ex 02 : Using two methods, prove that similar matrices have the same eigenvalues.

Ex 03 : Prove the following implication

Ex 04 : Let Aand Bbe the matrices

(
2

2

1 0
?)D

R)

and o

ïrou. that Ais similar to B.
Find the matrix C such that

Ex 05 : Let Abe a diagonalizable matrix which has a unique eigenvalue,t. Prove that A: À1,
where f is the identity makix.

Ex 06 : Study the ,onalization of the fo

Ex 07
Let A € s{,, (R) be a le matrix with -t 1 Prove that A*1 - A .

4

matrix:



Ex08 :,LetAandBbetwodiagonalizablematriceswithP-'Al'}:Dr andP-|BP:Dzfor
some invertible matrix P. Prove that AB: BA

Ex 09 : a) Determine whether the matrix

A
3 0 0\
4 7 2l ,n € R
a 0 3J)

is diagonalizable or not.

b)Let

Find the values a for which the matrii Arr is diagonalizable. Ans:. A* is diagn iff « - ()

Ex 10 : For which values of c the matrix

is diagonalisable.

Ex 11 : Consider the matrix

,}

Find all the eigenvalues of 4a).
Find the real parameter a for which the matrix A(a) is diagonalizable, and give in this case the
diagonalization formula of fla).

Ex 12 : Let

we denote by B: {1,&*,x3} the canonical basis of P3[x]. Calculate il* (Ë).

We ask whether f is diagonalizable or not. If the ans\Mer is positive, then give the
diagonalization formula of f

5
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§xponential of a matrix ) cosine{matrix}, §ine, lo$,...
On the pü\Â/sr§ of a square matrix. How to fînd Ax ?

Ex0L:
t. Stut. the definition of the notion << Exponential of a square matrix »

2. Ca1culut" eÜ , where O is the zero matrix.

Let A e MI,, (R) a,nclÀeR..Provethat

Ex 02 : Let Abe the matrix

A( I
0

I
2

Prove that Ais diagonalizable, and deduce exp(A)

Ex 03 : Prove the following theorem : Theorem: Let A € §{,, (lR). Tften the seiles

is absolutely convergent (then convetgent).

Ex 04 : Let Abe a square matrix. Prove that

Bx 05 : Let

A
1

1

-2

3

3

2

o
-ù
-1
0

1. Find all the eigenvalues and eigenvectors of A
2. Deduce that Ais diagonalizable.
3. Compute e:p(,A).

: Consider the fo two matrices

6



)

*1
f)

n-(â
â)

A- (â
Veri$r that

eA+/J * *^.*B + *B .*A

Ex 07 : Consider the matrix
1

)

,

Calculate logA i.e, find a square matrix B Ç Mz(lR) such thü A: eË .

Ex 08 : Let Abe a diagonalizable matrix; i.e A- PDP-'for some invertible matrix P, prove
that

lim Ak * P. lirn Dk.P-l
k----ioc À----*oc

Consider the matrix

Calculate liru ,4Â'
Â:---''cc

Ans :

Iinr JÀ' : 11 lim l)k.l' I
À *,x; l- ,,:.

(
1Àü

A - ( ;

r)
/1A- { ?

\4

.)(j* i)lim
À-*--rrx:

/t -2\
-ll \1 L )

t(r2\Ë 5\, 2)

A - (

1

0 (*)

Ex 09 : Determine the eigenvalues and eigenvectors of the following matrix

For each positive integer 1q calculate Ak .

Ans

eigenvectars: {-1,2) * 1, (-1, 1)

Ak
2k+1_L2k_l
q qk*7 ,\ .h

31
-20

+ 2

I keN:(

{': (ii;;' t i)
A-(* 

â ï)

Ex 10 : Consider the matrix

1

te A" -§Tlrltl\
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Systemr of linear rocurrsnce sequences,
Sys*etm sf siff,erentisl equations, Cayley-Hamilton Theorem
Ex 01 : Solve the fo

.Ir,, x !'r-1 (3 - 2")
'.tJ)t ::: 2tt*7 (e -f Z"; i rt)0

llowing system of linear recurrence sequences

) ,r,r,*r : 3:L',, - ,!Jr, 
/ ,^

t 'Y,,,*'r- - -:a,'n + ;;- ; (rro' 
'Yo) 

: (1 ,,2)
Ans

Ex 02 : Consider the determinant

Prove that D,r: ZDn_ t * Dn-2. Calculate the value -Dn in terms of n.

Ex 03 : Let (r;,,) be the sequence given by
2

frn+Z :
1 ifrA , 11 ) 0L

ti +
Evaruate rhe folrowing timir 1in t.r-r?ro, i,Ïii, varues xs, x1)i

lim nrL?1**oo

Ex 04 : Solve the system of differential ons

Ans:

8

Soive the of differential tions

t ,\r : 1, 1,, : (-1, 1, 1)

| À, : 2, ü2: (0,1,0) et ?:q : (0" o. 1)



x'(*; __ {li1) x(f)

Ans :

1

1

I
\
)*
C2 --"

* r.:2

* c.,

{v("1(

I

-1
I
il

ht+ ('3('

_l

0

1

('l ("" *

f', ?i1t

r:1{:lt

(3

.r'; t i(

Ex 05 : Using Cayley-Hamilton Theorem, calculate the inverse of the matrix

/ 11
tr- | *r o

\z o

0

0

-1

Bx 06 :Let A € M[,,(R) be a square matrix with

Prove that

p,r (.r;) - c:0 * c:1t: +... + {:rr*1r,t'-r { c:,r:t'" ; c:s f A

Ex 07 : Let A € M,, (R.) be a matrix which has one say ),. Prove that

Solve the system of differential equations

x,: ({,) _(3 l)(;)
Solve the system of differential equations

(*lli ):(ï i'l)(;i lli )
Let A e l\ztr(JR) be a non diagonalizable matrix. Assume that 7, )., and. 1t are the eigenvalue s of Awith )" I p
Prove that

e'A: u^'(I+r(-.1 -À1)) *:" -i]l (-4- xr)'-l'" (t-À1)2.
(p-À)"' p-À' t

Solve the system of differential equations

l;" (f)

):(

2*1
10 -5..{ *2 i)(ii

( /.)

(f)
(r)

,r.r"

;f:/n

(r)
(f)

9
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M§mixxrm§ Fo§y§l$miâ§, Trigonaxizable Matrices
Ex 01 : calculate the minimal polynomial of the matrix

A-* (â
I

)1

Verify that all the matrices of the form

o: (â ;) ; c#0
are not diagonalisable.

Ex 02 : Determine the minimal polynomial of the following matrices

), 
4

/o 1

ct) A- | o 0

\o o

/a 1 1

[r 41
\1 1 4

(;
1

)0

Ex 03 : If ni o (:t\ - (r * a) tr - l)). show that A" can be onry wriuen in terms of Aand ,L

Ex 04 : calculate the minimal polynomial of the matrix

À

1 .,\

A ;ÀeR
1À

1À
Is it diagonalizable ?

Ex 05 : Consider the matrix

Show that A is diagonalizable.
t_

: Prove thatthe nxnmatrix

I 0



A

11
11t1
::
11

1

1

i
€ nf" (R)

is diagonalizable.

Bx 07: Trigonalizethe matrix

,: (T
1

)

p.,r (,r) : (,ir * 3)?

4

Calculüe A"

Ex 08 : Trigonalize the matrix

A
2

10

4

1 2 \

i") fl-a (;r:) ':
,t:*'2 *l
1û :r;.* 5
.1 -2

2

î
:t: ?

:,r:ÿ{,rlili

Calculate A" for any positive integer n.

Ex 09 : Trigonalize the matrix

A-(
7

2

2

-6
0

o
-ô

-2
I : It,t (;i:) - (.,'- 3):r

2

Then, comprte An

Ex 10 : Consider the matrix

4(i+i)
1) Verify that ,*: A+ 2I and deduce the expression of .{1 in terms of Aand d where Iis
the identity 3 by 3 matrix.
2) IJsing the proof by induction, prove that

where
A" : en,.A + ôr,,.-f ,

&rr,,bn € NI ernd
{

Q,n.*L : il,n * br,,

brz+). : 2Q* ,ru ) S (S)

3) Write the system (,9 in the matrix form.
4) Calculate «"n antt l)r, in terms of n. Then, deduce the expression of An.
5) Calculate the minimal polynomial of the matrix A 'what to deduce?

Solve the of differential tions

11

*,g,t.X


