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Matrix norms
Norm, Normed Space

De�nition

Let E be a vector space over K ( R or C). The norm over E , denoted by k.k, is a
mapping

k.k : E ! R+

x 7! kxk (we say: the norm of x)

satisfying the following properties:

1 For all x 2 E : kxk � 0 and kxk = 0, x = 0E ;
2 For all x 2 E and scalar α 2 K : kαxk = jαj . kxk ;
3 For all x , y 2 E : kx + yk � kxk+ kyk .

In this case, the couple (E , k.k) is called normed vector space or normed
space. So, a normed space E is a vector space with a norm de�ned on it.
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Matrix norms
Examples

Example
In this lesson, we only use the two vector spaces, Kn andMn (K) with K = R or
C.

1 De�ne over Kn the following norms:

kxk1 =
n

∑
i=1
jxi j , kxk2 =

 
n

∑
i=1
jxi j2

! 1
2

,

kxk∞ = max
1�i�n

(jxi j) .
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Matrix norms
Examples

Example
2. De�ne overMn (K) the following norms:

kAk1 = max
j

n

∑
i=1

��aij �� and kAk∞ = maxi

n

∑
j=1

��aij ��
kAk2 =

 
n

∑
i ,j

��aij ��2
! 1

2

.
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Matrix norms
Examples

As an application, for x =
�
�1 1 �2

�t , we have
kxk1 = 4, kxk2 =

p
6 and kxk∞ = 2.

and for A =
�
�1 �2
7 3

�
2 Mn (R), we also have

kAk1 = max (8, 5) = 8, kAk2 = 3
p
7 and kAk∞ = max (3, 10) = 10.

Lemma
For each matrix A 2 Mn (K) and for each x 2 Kn , we have the following
inequality:

kAxk � kAk kxk .
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Scalar Product (Inner product)
Inner Product or Scalar Product

De�nition

Let E be real vectot space. The inner product over E is a function h., .i de�ned by

h., .i : E � E ! R

(x , y) 7! hx , yi

satisfying the following properties:

1 For all x 2 E : hx , xi � 0 and hx , xi = 0, x = 0.
2 For all x , y 2 E : hx , yi = hy , xi .
3 For all x 2 E and scalar α 2 R : hλx , yi = λ hx , yi
4 For all x , y , z 2 E : hx + y , zi = hx , zi+ hy , zi .
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Scalar Product (Inner product)
Scalar Product over a complex vector space

De�nition

Let E be complex vectot space (a vector space over C). The inner product over E
is a function h., .i de�ned by

h., .i : E � E ! C

(x , y) 7! hx , yi

satisfying the following properties:

1 For all x 2 E : hx , xi � 0 and hx , xi = 0, x = 0.

2 For all x , y 2 E : hx , yi = hy , xi.
3 For all x 2 E and scalar α 2 R : hλx , yi = λ hx , yi
4 For all x , y , z 2 E : hx + y , zi = hx , zi+ hy , zi .
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Scalar Product
Examples

De�ne on the vector space Rn the inner product h., .i by

8 x =
�
x1 x2 . . . xn

�t
, y =

�
y1 y2 . . . yn

�t 2 Rn

we have

hx , yi =
n

∑
i=1

xi yi .

De�ne on the vector space Rn the inner product h., .i by

hx , yi =
n

∑
i=1

xi yi ,

where yi is the conjugate of yi .
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Remark

For each (x , y) 2 Rn �Rn , we have

hx , yi = x ty .

Also, the inner product over Cn is given by

hx , yi = x ty , (1)

where y is the conjugate of y .
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Scalar Product
Examples

Example

Let A 2 Mn (R). Find a symmetric matrix B 2 Sn (R) such that

x tAx = x tBx for every x 2 Rn .

In fact, for every x 2 Rn , we have

x tAx =
�
x tAx

�t
(since x tAx = a 2 R)

= x tAtx ,

It follows that

x tAx =
1
2
x tAx +

1
2
x tAtx = x t

�
A+ At

2

�
x .

So, B =
A+ At

2
which is symmetric.
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Scalar Product
Examples

Also, de�ne over the vector space C ([a, b]) the inner product

8 f , g 2 C ([a, b]) : hf , gi =
Z b
a
f (x) g (x) dx .

Proposition

Let A be a symmetric matrix and let (α, x), (β, y) be two eigenpairs of A with
α 6= β. Then x and y are orthogonal, i.e., x ? y. Or, equivalently, hx , yi = 0.

Proof.
Indeed, we have

α hx , yi = hαx , yi = hAx , yi =


x ,Aty

�
= hx ,Ayi = hx , βyi = β hx , yi ,

and since α 6= β, it follows that hx , yi = 0.
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Scalar Product
Problems

Ex 01. Consider the equation
ax2 + 2hxy + by2 = 0. (2)

Write (2) in the form X tAX = 0, where A 2 M2 (R) and X =
�
x
y

�
.

Ans. A =
�
a h
h b

�
.
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Scalar Product
Problems

Ex 02. Write the equation λ1x21 + λ2x22 = 0 in the form X tAX = 0, where

A 2 M2 (R) and X =
�
x1
x2

�
.

Ex 03. Let A 2 Mn (R). We ask if x tAx = 0; 8 x 2 Rn
implies) A = 0 ?

Ans. No, take the matrix A =
�
0 �1
1 0

�
.
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