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Matrix norms

Norm, Normed Space

Let E be a vector space over K ( R or C). The norm over E, denoted by ||.||, is a
mapping

s E—-Ry

x +— ||x|]| (we say: the norm of x)

satisfying the following properties:
@ Forallx € E: ||x|| > 0and ||x|| =0 x = 0;
@ For all x € E and scalar v € K : [jax|| = |af . ||x]| ;
Q Forall x,y € E:|x+yl| <|x|+ ¥l -

In this case, the couple (E, ||.||) is called normed vector space or normed
space. So, a normed space E is a vector space with a norm defined on it.
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Matrix norms

Examples

In this lesson, we only use the two vector spaces, K" and M, (K) with K =R or
C.

@ Define over K" the following norms:

1

n n . 2
Ixlly = Y Il Ixlla = X il |
i=1 i=1
Ml = max ().
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Matrix norms

Examples

2. Define over M, (K) the following norms:

i=1

Al
Al — (_z;|a,-jr) |
1J

n n
lAll; = mjaxZ|a,-j| and ||A||°o:miaxz |a,-j{
: et
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Matrix norms

Examples

As an application, for x = ( -1 1 =2 )t, we have

Ixlly =4, llxll, = V6 and [|x]lc =2.

-1

andforA:< 7

_32 ) € M, (R), we also have

|All; = max(8,5) =8, ||A|, = 3v/7 and Al = max(3,10) = 10.

For each matrix A € M, (K) and for each x € K", we have the following
inequality:

[AX[] < (I {Ix]] -
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Scalar Product (Inner product)

Inner Product or Scalar Product

Let E be real vectot space. The inner product over E is a function (., .) defined by

<.,.> : EXE—R
(xy) = (xy)

satisfying the following properties:
Q@ Forallx € E: (x,x) >0and (x,x) =0« x=0.
Q Forallx,y € E: (x,y) = (y x).
@ For all x € E and scalar « € R : (Ax,y) = A (x,y)
Q Forallx,y,ze E: (x+y,z)=(xz)+ (y,2).
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Scalar Product (Inner product)

Scalar Product over a complex vector space

Let E be complex vectot space (a vector space over C). The inner product over E
is a function (., .) defined by
(..) + ExXE—=C
(xy) = (xy)
satisfying the following properties:
@ Forall x € E: (x,x) >0and (x,x) =0 x=0.

@ Forall x,y € E: (x,y) = (y, x).
@ Forall x € E and scalar « € R: (Ax,y) = A (x,y)
Q Forallx,y,z€ E: (x+y,z) = (xz)+ (y,2).
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Scalar Product

Examples

Define on the vector space R” the inner product (.,.) by
t t
Vx=(x1 x ... xa ) .y=(»n y» ... yn) €R"
we have
n
(x,y) =Y xiyi.
i=1
Define on the vector space R” the inner product (., .) by

n
(x.y) =Y x¥i,
i=1

where ¥; is the conjugate of y;.
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For each (x,y) € R" x R", we have
(x,y) = x'y.
Also, the inner product over C" is given by

(x,y) =x'y, (1)

where y is the conjugate of y.
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Scalar Product

Examples

Let A€ M, (R). Find a symmetric matrix B € S, (R) such that

x"Ax = x*Bx for every x € R".

In fact, for every x € IR", we have

xtAx (xtAx)t (since xtAx=ac R)
= xtAfx,

It follows that

t
xtAx = %xtAx + %xtAtX = x! <A +A ) X

2

A+ At
So, B = _; which is symmetric.
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Scalar Product

Examples

Also, define over the vector space C([a, b]) the inner product

b
Vv fgeC(lab):(f.g) :/ F(x) g (x) dx.

a

Proposition

Let A be a symmetric matrix and let («, x), (B, y) be two eigenpairs of A with
« # B. Then x and y are orthogonal, i.e., x L y. Or, equivalently, (x,y) = 0.

Indeed, we have

a(x,y) = (ax,y) = (Ax,y) = (x, A'y) = (x, Ay) = (x, By) = B(x,y),

and since a # B, it follows that (x,y) = 0. O
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Scalar Product

Problems

x 01. Consider the equation
ax? + 2hxy + by = 0. (2)

Write (2) in the form X*AX = 0, where A € M5 (R) and X = ( § ) )

a h
Ans.A(h b)'
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Scalar Product

Problems

x 02. Write the equation A1x12 + /\2x22 = 0 in the form X*AX = 0, where

AGMQ(IR)andX:(Xl

X2
% 03. Let A€ M, (R). We ask if xtAx = 0; ¥V x e R "2 A= 02

Ans. No, take the matrix A = ( (1) _01 ) .
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