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Cayley-Hamilton Theorem

Proof and Examples

The goal of this section is to prove the famous Cayley-Hamilton Theorem, which
asserts that if p(x) is the characteristic polynomial of an n by n matrix A, then

p(A) = 0.
Definition

Let p(x) = ag +arx + ... + agx¥ € K[X], and let A € M, (K). Define the
matrix p (A) by

p(A) = agl, + a1 A+ ... + a Ak

In other words, p (A) is the matrix obtained by replacing x' by Al, for each
i=0,1,..., k, in the expression of p, with the convention A0 = 1.
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Note. If we replace x by A in the formula of the characteristic polynomial pa (x),
then we obtain
pa (A) = det (A— A) = det (0) = 0.

So, pa (A) = 0. Why Cayley-Hamilton Theorem is very famous and we need to
understand its proof?
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Answer. There is an error in the equality:
pa (A) = det (A— A) = det (0) = 0.

Note that ps (A) € M, (K) (this is a matrix); however
det (A— A) =det(0) € R or C. Thus,

4 (A) # det (A— A) .
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Let us recall the statement of one of the very classical theorem.

Theorem (Cayley-Hamilton Theorem)

Let Ae M, (R) and let ps (x) be its characteristic polynomial. Then
pa (A) = 0.

In the proof, we need to use the following lemma.

Lemma

For each A € M, (R), we have
A(com (A))" = (com (A))" A = det Al,. (1)

In particular, if A is invertible, its inverse is given by

1

Al =
det (A)

(com (A))".
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For example, if A = ( i Z > € Mj (R), we have

ageoman' = (2 2)( % )= (70" walhe)

— (ad — be) < - > — det (A) b.
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[Proof of Cayley-Hamilton Theorem| Let

all ai1o e dln
ani ano e don

A= T 7 T TN eM,(R).
an]_ an2 e ann

Assume further that py (x) = x" + Cro1X" L4 cpiox" 2 4 L+ o x+ .
Applying Lemma 3 using the matrix x/, — A, we obtain

(xlp — A) com (xI — At = det (xI, — A) I,
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where
X —ail a12
azl X — a2
xl — A= ]
anl an2
Hence,
1,1 1,2
P,E211; (x) P%221) (x)
"7 (x "7 (x
com (xI — A) = pnfl' () Pn (x)

ain
ap
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where pf,'_fi are polynomials of degree n — 1. Setting

com (x| — A)" = By + xBy +x%2By + ...+ x"1B,_1,

a1 € My (R). We deduce that

(xI — A) (Bo +xBy +x2By + ... +x”—13n,1) = det (xlp — A) .

= X"+ chp1x" Ly + ... 4 ol
It follows that

X"By_14+x""1(By_p — ABp_1) + ...+ x (By — ABy) — ABy

= X"In+ cp1x" U+ ...+ cixln + coln.
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Then
By1=1y
By 2—AB,_1 = Cn—lxnilln
BO - ABl = C1/n
—ABO = COIn-

Which gives

pa(A) = cohh+cA+. .. +c1ATL4A"
= —ABy+A(By—AB1)+..+ A" 1 (Bya—AB,_1) +A"B,_1
0.
This completes the proof. O
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Let A= ( 2 ; ) Find a polynomial p(x) of degree 2 such that p(A) = 0.
x2

Ans. p(x) = 3x — 2. Then compute A% —3A —2/ and deduce?

Corollary

Let A€ M, (R) with

pa (x) =x"+ Cno1X" L+ cpiax" 2+ .+ ax+ o,

where cg € R* and ¢, ¢, ..., cn_1 € R. Then

Al_cl<2 A11+An 1>
0

i=1
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Since
pa(A) = ol + A+ A2 + ..+ 1AL+ AT =0,

it follows that
(q/ LAt ey A2 4 A"—l) A= —ql,

and so

-1
Al = - (cll + A+ ...+ ¢y 1 AT2 +A”‘1) .
0

This completes the proof. [

Dj. Bellaouar (University 08 Mai 1945 Guelma) Cayley-Hamilton's Theorem October 2024



Using Cayley-Hamilton Theorem, calculate the inverse of the matrix

1 1 0
A=1| -1 0 O
2 0 -1

Solution. First, let us calculate ps (x) :

+ - +
x—1 1 0
pa(x) = ~1 x 0
2 0 x+1
= (x=1)[x(x+1)]+(x+1)
= (x-1) X2—x—|—1>
= X3—|—1.
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Therefore, pa (x) = x3 4+ 1, and hence

pa(A) = 0=>A 4K =0
= Al=_4A%

Finally, we get

1 1 0 1 1 0 0 -1 0
Al=—[ -1 0 o0 -1 0 0 =1 1 o0
2 0 -1 2 0 -1 0 —2 -1
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Remark. If A= PDP~1 (that is if A is diagonalizable), then we can easily prove
Cayley-Hamilton Theorem. Indeed, we see that

pa (A1)
pa (A2
pa(A) = P- ) : P
PA()\n)
0 0 0
0 0 0
= P , -pt

0 0 0
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