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Matrix exponential

Definition and Examples

Note that the exponential of a matrix deals in particular in solving systems of
linear differential equations. In the following section, we present some remarkable
definitions and properties on the exponential of a square matrix which may or may
not be diagonalizable.

Definition (1)

For each n X n complex matrix A, define the exponential of A to be the matrix

k 2 k
A=y A A Ay
P T TR TR TR

This is the matrix exponential of A.

Note that if A= 0 (the zero matrix), then €% = I,. Indeed, we see that

o_, ,0.0 0 _
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Problem (Homework)

k
Prove that for every k € Z, ekA = (eA) :

Consider the matrix

1 1
A= 5 2
-2 -1
Calculate A2 and A3. Deduce e”.
Indeed, after computation, we have
1 1 3 1 1
A= 5 2 6 5 2
-2 -1 -3 -2 -1

3
6
-3

Il
w

Dj. Bellaouar (University 08 Mai 1945 Guelma) Matrix exponential

October 2024

Hy

22



Using Definition 1, we obtain

A A2
A _
e—l3+ﬁ+7!
A2
= B+A+—
2
100 1 1 3 ({0 0 o0
= 010+526+§339
0 0 1 -2 -1 -3 -1 -1 -3
2 1 3
B9 2
= 2 2 2
-5 =3
2 2 2
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It is easy to calculate the exponential of a diagonal matrix. We have

Corollary

Let D be a diagonal matrix, i.e.,
Ay
A2
D = i :diag{/\l,)\g,...,/\n}.
An
Then
eM
Ao
e
el = = diag {e/\l, e, ,e/\”} (1)
ehn
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Af

/\k
In fact, for each k > 0 we have Dk = 2 ) . From definition

1, we get
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Let

Calculate e”.
In fact, by (1), we have
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Corollary

Let A€ M,(R) be a diagonalizable matrix. Then e” is also diagonalizable. In
addition, if A= PDP~1, then

e = pePpt.

Proof.

Let A € M,(R) be a diagonalizable matrix. Then there exists an invertible
matrix P such that A= PDP~! with D is diagonal. Therefore,

p feo ke (ppp1yK

]
o k!
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Let S € GLL, (R) be an invertible matrix and let A € M,(R). We have

=i
eSAST = 5efsL

Let S € GL, (R) and let A € M,(R). From Definition 1, we have

_ _1\2 _1 3
sas-1 SAS™1  (SAST) (SAS™1)

SAS1 N sA25-1 sA3s—1

= h+— TR T
SAS™ 1 saA?s-l SA3s1
= ShST S — T o+

A A2 A3 1

= SeAs 1.
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Corollary

Let A€ M(RR) and let (A, x) be an eigenpair of A. Then (e*,x) is an

eigenpair of e”.

R

Assume that (A, x) is an eigenpair of A. By definition, we have

eA

This completes the proof.

X

+o00 Ak _ +o00 AkX
I Rl M

k=0 k=0
+o00 AkX +o00 )Lk
m:<zmx
k=0 . k=0 "
e/\X.

A\
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Lemma

We have the following two properties:
(i) Forany A€ Mu(R) and for any t € R,

Aeht = Atp,

(if) For any A € Mp(R) and for any t € R,

eflh = efA.

By the definition, we have

+o0 Ak k +o0 Ak+1 k 400 Ak k
t t :( t )A:eAfA.

| |
i=0 < = =
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Likewise, we have

The proof is finished. O
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Remark. According to the previous lemma, we have

t/,

e””/,, = ellh = ety,.

Note that e’ # ef; because et € M,(R) and ef € R.
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The integer series which defines the exponential of a real, or complex number, is
also convergent for a matrix. In addition, we have

Theorem

For any matrix A € M,(C), the series
40 Ak

kI
= k!

is absolutely convergent (therefore convergent) in M,(C).
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D’Alembert's Rule

Let Y u, be a series with positive terms. If the limit (finite or not)

Lu
| = lim =2+L
Un

exists, then

@ The series }_ up, is convergent if | < 1,
@ The series ) up is divergent if /| > 1.
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For each kK > 0, we have
k
AL [IA

<
kK'|| — k!

and according to d’Alembert's Rule, we obtain

k+1
Al
k+1)! A
lim # — iim 1AL o<
k—+oo| || A] k—+ook + 1
k!
+oo AK
Thus, Y, — is convergent. Since
k=0 K!
k
Jri’ Al 11A]
k=0 k! k=0 k!
~+o0 Ak
It follows that Y o is therefore absolutely convergent. O
k=0 "
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Also we have the following proposition.

Let A be a square matrix. Then

We know that

So we can write

IN
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IXAl° XA

2! 3!
el*Al 1 —||xA]l.

A oo
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For every x # 0, we obtain
XA _ | XAl — 1 — ||xA [x[lxl — 1
it BN [P Al _ (e ~ Al ) —o.
X x| x|
As required. O
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x 01. Are the matrices

a=(3 )= ()= ( %)

exponential of matrices?
x 02. Prove that the matrix

-1 1
=0 )

is neither the square nor the exponential of any matrix of M5 (IR), but the

matrices y 0 b
_ 2 _ 2 2
(% 0 Y aman— (% 2)

are the square and the exponential of a matrix of My (IR).
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x 03. Let

a b c
A= 0 a b
0 0 a
Calculate e”.
x 04. Let

>

|
N
o
N ©
o o

)

Calculate e”eB, eAtB and eBe”.

o =
N~~~
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x 05. Consider the following matrices:

11 1 -1
A=<O 0>andB=<O 0 >

Calculate C = 1B, D = eAeB and F = eBe?. Check that C # D # F.

x 06. Consider the matrix )
]_ £
j 1

Calculate log A. i.e., find a matrix B € Mj (C) such that A = eB.

21 /22
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x 07. Consider the matrices:

11 1 -1
A=<O 0>andB=<O 0 >

Calculate eA, eB. Deduce the expression of eF, where

110 O
0 00 O
F= 0 01 —1
0 00 O
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