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Minimal Polynomial

We introduce here a second polynomial which is extracted from the characteristic
polynomial of a square matrix.

Let A be a square matrix and let ps(x) be its characteristic polynomial. The
minimal polynomial of A, denoted by mx(x), is a polynomial satisfying the
following two properties:

Q@ mp(x)|pa (x); i.e., ma(x) divides the characteristic polynomial pa (x) .
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Minimal Polynomial

We introduce here a second polynomial which is extracted from the characteristic
polynomial of a square matrix.

Let A be a square matrix and let ps(x) be its characteristic polynomial. The
minimal polynomial of A, denoted by mx(x), is a polynomial satisfying the
following two properties:

Q@ mp(x)|pa (x); i.e., ma(x) divides the characteristic polynomial pa (x) .

@ mp(A) = pa (A) = 0 (the zero matrix). That is, mp (x) satisfies
Cayley-Hamilton Theorem as does pa(x).
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The eigenvalues of a matrix A are the roots of mp(x).

Proof.

Let A be an eigenvalue of A and let x be its eigenvector. From the Euclidean
division of ma(x) by x — A, we obtain

| A

ma(x) =Q(x)(x—A)+c¢, ceRand Q € R[X].

It follows that
0=ma(A) =Q(A) (A—Al)+cl.

If we apply this to the vector x, we get
0=Q(A) (Ax — Ax) + cx.

Hence cx = 0. Since x is not zero, we get ¢ = 0, and so my (x) = Q (x) (x — A).
This means that A is a root of mp (x). The proof is finished. O

vy
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Remark. The minimal polynomial of A is a polynomial satisfying the following
three properties:

Q ma(x)[pa (x),
Q@ mu(A) = pa (A) = 0 (the zero matrix),

@ Forany A € Sp(A) : ma (A) = 0. This means that pa (x) and ma(x) have
the same roots.
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Calculate the minimal polynomial of the matrices:
2 1
Q A= ( 1 2 )
11
os-(11)
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Dj

Solution.

@ We can easily prove that pa (x) = (1 —x) (3—x), and so ma (x) = pa (x).

@ First, the characteristic polynomial is ps (x) = (x — 1)2. Hence,
ma (x) = (x—1) or ma (x) = (x = 1),

and since A— Iy # 0, then ma (x) = pa (x) = (x —1)%.
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Determine the minimal polynomials of the following matrices:
01 1
HA=|(0 0 0|,
0 0 O
4 1 1
2)B=|1 4 1],
1 1 4
2 -1
ye-(2 4
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1) It is clear that py (x) = x3. Then, m4 (x) = x3 or x? or x. On the other

hand, we have my (x) = x2; since A # 0 and A2 = Q.

2) Note that after computation, pg (x) = (x — 3)® (x — 6). Since pg (x) and
mpg (x) having the same roots and mg (x) divides pg (x), then

mg (x) = (x —3) (x — 6) or mp (x) = (x —3)? (x— 6). But,

(B—3h)(B—6h) =

[N eNolN N
OO O HBEFEH
OO O H K==

It follows that mg (x) = (x —3) (x — 6).
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3) From simple computation, we get pc (x) = (x — 1)2. Since A— Il # 0, then

me (x) = (x = 1)% = pc (x).
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Let A€ M, (R) with my (x) = (x —a) (x — b); a,b € R. Then A" can be
written in terms of A and |.

The proof is by induction on n. Indeed, for n = 1, we have
Al =1.A+0.1.

Moreover, for n = 2, A> = (a+ b) A — abl, since my (A) = 0. Assume that A"
can be written in terms of A and /, i.e., A" = a,A+ b,/. Therefore,

AL = AA" = A(apA+ byl) = apA? 4 byA
= ap((a+b)A—abl)+ bsA
= ((a+b)an+bp)A—abayl =1 (Al).

This means that A"T1 can be written in terms of A and /. O
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We will accept the following corollary without proof.

Corollary

The matrix A is diagonalizable if and only if the roots of my (x) are simple.

| A

Example
Let
011
A=1|1 0 1
110
Verify that A is diagonalizable.
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Solution. After computation, we get

pa(x) = (1+x)*(x—2).

This means that my (x) = (14 x) (x —2) or my (x) = (1 ~|—x)2 (x —2). But,
1 11 -2 1 1
(I+A)(A=21) = [ 111 1 -2 1
1 11 1 1 =2
0 0 O
= 0 0 O
0 0 O

Thus, my (x) = (14 x) (x — 2). It is clear that the roots of mu (x) are simple,
and hence A is diagonalizable.
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Study the diagonalization of the matrix

A= , where a € R.

Ry
= o O
L O O

Since A is a lower triangular matrix, then ps (x) = (x — a)>. Since (A—al) # 0,
then mp (x) can not be (x — a). This means that the roots of my (x) are not
simple, and so A is not diagonalizable.
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Consider the matrix

a b b
A=| b a b
b b a
Show that A is diagonalizable.
In fact, we have
1 00 011
A=a|l 0 1 0 |+b| 1 0 1 | =ak+bB.
0 01 110

It suffices to prove that B is diagonalizable. After computation we obtain
mg (x) = (x+1) (x = 2),

and hence B is diagonalizable.
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That is, B can be written in the form B = PDP~1, from which it follows that

A = al3+bPDP!
= P(ak+bD)P7!
= PD'PL,

where D' = als + bD is diagonal, so A is diagonalizable.
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Example

Consider the matrix

A=

== =
= = =
[EEE T Gy

By computation, ma (x) = x (x — 3). This means that A is diagonalizable since
the roots of my (x) are simple.
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x 01. Find minimal polynomial of the matrix
2 2 -5
A=\ 3 7 —-15
1 2 -4

Deduce that A is diagonalizable. Ans.

pa(x) = (x=3) (x=1)% and ms (x) = (x=3) (x = 1).
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x 02. Consider the matrix

A=

O - =

10
10
0 2

Calculate the minimal polynomial of A. Ans. my (x) = x (x —2).

Dj. Bellaouar (University 8 Mai 1945 Guelma) Minimal Polynomial October 2024 18 / 24



x 03. Calculate the characteristic polynomial of the matrix

4 1 11
1 411
11 41
111 4

Deduce its minimal polynomial. Ans.

pa(x) = B=x)}(7—=x) and ma (x) = (3—x) (7T—x).
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x 04. Calculate the minimal polynomial of the following matrices

x 05. Verify that all matrices of the forn

1 « .
A—<O 1>,1x€]R

are not diagonalizable.
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x 06. Calculate the minimal polynomial of the matrix

A
1 A

A= L AER.

Is it diagonalizable ?
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x 07. Let A € M3(IR) given by

3 2 =2
A=| -1 0 1
1 1 0

a) Determine the characteristic polynomial of A.
b) Determin the minimal polynomial of A.
c) Is the matrix A diagonalizable?

x 08. Find all the matrices A € M5 (C) whose minimal polynomial is x? + 1.
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x 09. Calculate the minimal polynomial of the matrix:

Y = = N N = S S
i e e e
= e
el e el
e = T = N = S e
e e e e
= e
N T e T = S =S SE S

Ans. my (x) = x(x—8).
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'x 10. Calculate the characteristic polynomial and its minimal polynomial of the

matrix
25 000
02000
A= 0 04 20
0 0350
0 00 0 7

Ans. pa (x) = (x—2)3 (x=7)% and ma (x) = (x —2)> (x = 7).
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