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The sauqgre root of a diagonalizable matrix

Lemma

Let

D= . , where A; >0 (1 <i<n).

Then

It is trivial by computation that VDVD = D.
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Compute In D, cos D, eD, Dk and \/5
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Remark. If D = diag {A1, A2, ..., Ap} with some A; < 0, then /D € M,(C).

Proposition
Let A€ Mp(R) be a diagonalizable matrix with Sp (A) C R... Then
VA € Mu(R).

| \

Proof.
Assume that A = PDP~1, where Sp (D) C Ry. We put

H=PVDP™! € M,(R).
Since vVDV/D = D, it follows that

H? = (PVDP~Y) (PVDP!) = PDPTL = A

Thus, VA= H. O
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Consider the matrix

11 -5 5
A=| -5 3 -3

Calculate VA.
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Solution. After simple computation, the eigenpairs of A are:

A =0, Ey, = Vect {(0,1,1)},
(—

Ay =1, Ey, = Vect {(—1, —1,1)},
A3 =16, Ey, = Vect {(2,-1,1)}.
Further, we see that
0o -1 2 0 0 O 0
P=1 -1 -1 |, D=({01 0 |adpPl=| -1
1 1 1 0 0 16 %

Dj. Bellaouar (University 8 Mai 1945 Guelma) The sauqre root of a diagonalizable matrix

N

OV ==
OV =W N =

October 2024

6/

10



Which gives
VA = PVDP!

0 -1 2 Vo 0 0 o%%
= [1 -1 21 0 Vi 0 —%—%§
L 0 0 V6 i 6 6
3 -1 1
= [ -1 1 -1
1 -1 1
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Let A= PDP~1! be a diagonalizable matrix whose eigenvalues are given by the

diagonal matrix
D = diag {)\1,)\2, ...,/\n} .

For any function f(x) defined at the points (A;);;<, , we have

f (A1)

f(A)=P-f(D)-PL=pP F(%a)
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Assume that Let A= PDP~1. We have

For f (x) = /x = f(A)=VA=P /D P71
(0} = . .

(x)

(x)
For f (x) = cosx = f (A) = cosA= P-cosD- P!
For f(x)=eX=f(A)=e?=P-eP.p!
For f (x) =Inx=f(A)=InA=P-InD- P!

and so on.

For f (x) = xk = f(A)= Ak = P.DK. P71 for k>0
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x 01. Let M be a real n by n matrix. We denote by cos M the real part of e™ and
sin M its imaginary part. Show that cos M and sin M commute and that

(cos M)? + (sin M)? = I,.

Let 0 be a real number. Calculate
0 1 d si 6 1
cos| o g and sin( oo ).

A:(? é)eMg(C).

x 02. Let

Calculate VA.
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