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System of differential equations. Part |

Define the linear system of differential equations (x| (t),x5 (t),.... x, (t)) by

X{ (t) = a11xq () + a1ox2 (t) + ... + a1nxn (t) + 1 (1)
Xé (t) = ar1X] (t) + axoxo (t) + ...+ axpXxn (t) +h (t) )
xp () = apuxa (1) + an2xe (£) + o+ annxn (8) +F (1),

where a;; € R. The unknowns are the functions x (t),x2 (t) ..., xn (t) which are
derivable and f; (t) are some given functions.

v

The system is called homogeneous if all f; = 0, otherwise it is called
non-homogeneous.
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Matrix Notation

A non-homogeneous system of linear equations (1) is written as the equivalent
vector-matrix system

X' (t)=A-X(t)+f(t),

where
xq (t) all a2 A fi
X (1) = le(t) A 3?1 3?2 32.,, e f
X2 (f) o am 2 h
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In this section, we consider only homogeneous systems: We wish to solve the

system
X' = AX. (2)

There are two cases:
Case 1. Assume that A is diagonalizable. Then there exists an invertible matrix P
such that A = PDPfl, where D is diagonal. Thus,

X' = PDP~1X = PY’

Y' = DY
Y =P7lX.
The system (2) becomes
Y' = DY,

which is easier to solve since D is diagonal. Then after, we solve the equation
Y = P71X, thatis, X = PY.
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Solve the system of differential equations:

, (12 (3
X—AX,A—<3 2>,whereX(0)—<2>.
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Solution. At first, the eigenvalues of Aare Ay = —1 and A, = 4. The
corresponding eigenvectors are vi = (1, —1) and v» = (2,3). Thus, we have

-1 0 1 2
o5 8)P=(43)
WeputX:(X1>andY:<y1 ).Itfollowsthat
X2 ¥2

Y/:DY<:> .y]/_:_.y]. = Y1 — Cleit
5 = 4y ¥2 oett )"
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and hence

v (12 ae '\ [ cet+2ce*
X=Fky= ( -1 3 ) ( crett > N < —cre 4+ 3qett )

Since X (0) = < 3 > then

=c=0c=1

c1+20 =3
—c1+3cp =2

Thus is,
x1=e t+ 2ett
xp = —e T 436t
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We present another method to solve the system X’ = AX, where A is
diagonalizable.

Theorem

Let A€ M, (R) be a diagonalizable matrix and let
P=[X Xo .. Xn]

be the invertible matrix formed by n eigenvectors X1, X, ..., X, of A. Then the
system X' = AX has a unique solution given by

X (t) = c1eMt Xy + ™% + ... + crett X, (3)

where c1, ¢, ...,cn € R™ and Ay, Ay, ..., A, are the eigenvalues of A.
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It is clear that X/ = AX implies
X (t) = e*t.&, where & € M, 1 (R).

Since A is diagonalizable, then

e/\lt
e/\zt
X (t) = PePtpl=p . ple¢ (4)
e/\nt
Setting
C1
(o}
ple= =C
Cn
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It follows from (4) that

e}\lt q
ehat (o)}
X(t) = [ X1 X0 o Xo]

e/\"t Cn

1

@

= [ e/\ltX]_ eA2tXn e/\ntXn ]
Cn

= cle)‘ltXl + C2€A2tX2 + ..+ et X,

Therefore,
X (t) =] CleAltX1 aF C2€A2tX2 A oo TF CneAntXn- (5)

This completes the proof. O
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Solve the system of differential equations:

, (12 (3
X—AX,A—<3 2>,whereX(0)—<2>.
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Solution. After the computation of the eigenvalues and eigenvectors of the
matrix A. It follows from (5) that

X(t)—clet< _11 )—i—cze“( § >

{ x(t) = cre™t +2cpe*t,
y ()

Hence

(t) = —cre”t 4+ 3cpe*t.
. 3
Since X (0) = < ) > then

x1 = e L4 2e
xp = —et + 3et,
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Solve the system of differential equations:

X' = AX with A =

e
o N o
N O o
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Solution. Simple computation we get

M=1 v =(-111)
/\1 = 2, Vo = (O, 1,0) and V3 = (0,0, 1).

The matrix A is diagonalizable, and by (3) we obtain

-1 0
X(t) = cet 1 + et | 1 | 4 e’

= O O

where c1, ¢, c3 are constants. That is,

x(t) = —cet
y (t) =cret + Cge2t
z(t) = cret + 3t
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Remark. In another way, which is very long and based on the calculation of P
and P~ with A= PDP~L. From which it follows that

e = pelipt, (6)
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3 2
X (t) = e*.C, where C is an arbitrarily constant. Since X (0) = ( 3 2 )t,
then C = ( 3 2 )t. Therefore,

Let A= < 12 ) The solution of the differential system X’ = AX is

X (t) = - X (0). (7)
11
: . . 2 1 1 5 5
Simple computation gives P = and P71 =
3 -1 3 9
: _-
Hence
11 3
A~ (2 1 et o 5 5
X(t) = e Co—(3 _1><0 ot 3 i
5 5 2
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x 01. Calculate et for each t € R, where

-1

A= 0 0
-1 0

= =

Deduce the general solution of the system of differential equations:

pl=-—q+r
q=r
r'=—p+r
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x 02. Solve the system of differential equations:

X' (t) =y (t)
y'(t)=2z(t)
Z(t) = w(t)
w' (t) = x(t)

1 10
A=11 1 0
0 0 2
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