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System of linear differential equations. Part Il

Consider the system of differential equations:

x| = a11x1 + a12x2 + ... + a1axp

Xy = ap1X1 + axx2 + ... + a2pXn

Xp = an1X1 + an2x2 + ... + annxn,

which is written by the following equivalent vector-matrix system:
X =A-X,

where the matrix A is non-diagonalizable. In this case, the general solution of
(1) can be given by:
X (t) = eAc,

t.
wherec= (¢ ¢ ... ¢ ) isa constant.
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In this Algebra Ill, we only consider certain cases. For example, A € M,(R) but
has a unique eigenvalue or when A € M, (R) with n < 4. The situation is
particularly simple whenever A € Mj(R).

Corollary

Let A€ Mp(R) be a square matrix having a unique eigenvalue, say A. Then

K tK

e = “2 A= M) .

k=0
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We first have py (x) = (x — A)" since A has a unique eigenvalue A. We have

oA = Athtt(A=Al) @)

= Mhet(A=Mhn) (pecause Atl, and t (A— Al,) commute)
= eMetA M) (because e B = "B for any B € M,(R) and a € R)

ilh
— MZ A= Aly) kk, 3)
k
Kkt
= eAt Z (A*/\ln) E,

k=0

where Z (A— )\In)k = 0; this is obtained by Cayley-Hamilton theorem since
PA (A) (A Alp)" =0. O
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Remark. In particular, by Corollary 1, if A € M (R) with Sp(A) = {A} then

e = eM{h+ (A—Ah)t}. (4)

If Ae M3(R) with Sp (A) = {A} then

etA:e“{lg—l—(A—Al3)t+;(A—A/3)2 t2}. (5)
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Solve the system of différentiel equations

x'=2x+vy

/

y =2y
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Solution. Let A be the matrix of (6), i.e.,

From (4), we have

e = ¥ {h+ (A-2h)t}

o f[1 0 2 1\ (10
_e{(o 1>+<(02 Lo 1))t
2t a2t
= 0 e2t :
Thus, the solution of (6) is given by
o x(t) [ et tet a \ [ ae’+tee’
X(t) - ( y(t) > - < 0 e2t o - C262t !

where ¢1, ¢y are constant.
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Solve the system of differential equations:
x! —4 1 1 X
y' | = 1 =1 -2 y
z —2 1 —1 z

Dj. Bellaouar (University 8 Mai 1945 Guelma) System of linear differential equations. Part Il October 2024



Solution: The characteristic polynomil of A is given by
pa(x) = (x+2)°.

This means that A has a unique eigenvalu, A = —2. From (5), we obtain

1
A =2t {/3+ (A+2B)t+ (A+213)? t2},

where
-2 1 1 3 0 -3
A42l3 = 1 1 -2 and A+2 = 3 0 -3
-2 1 1 3 0 -3
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Then

1
A — e_2t{13+(A+2I3)t+2(A+2I3)2t2}
100 -2 1 1 30 -3
ot 1 2
= e 010 |+ 1 1 =2 )es5(30 =3¢
001 -2 1 1 30 -3
3.2 342
St —2t+1 t t— 5t
= e 312+t t+1 —3t2 -2t
3.2 3.2
St2—2t t -3t +t+1
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Problem

Solve the system of differential equations

I oA (3 -—18
X =A X,WhereA—(2 9>.

Solve the system of differential equations
x1 (t) 1 2 1 3 x1 (t)
x5 (t) o 1 1 -1 xp (t)
x5 (t) B 0o 0 1 2 x3 (t)
xg (t) 0 0 0 1 xa (t)
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Let A€ M3(R). If A has two distinct eigenvalues A and y (where A has
multiplicity 2), then

t_e

A =eM(I+t(A=Al))+ “(’Z;_—A)A; (A= A2 — ;’E_A:L (A=AD%.  (7)
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From (2) and (3), we have

ilh

A A k
e = EA/\I o

= MU+(A-AN)+ “Z A—AnkE

= M+ (A-AD))+ “2 A— )\/)2“i
? (2+r)!

r=
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Now, let pa (x) = (x — /\)2 (x — ) be the characteristic polynomial of A. First,

we note that
A—ul = (A=Al —(p—A) 1.

By Cayley-Hamilton theorem, we get
0=(A=AN?(A—ul) = (A=A —(u—A) (A= AI)?,
from which is follows that
(A—AD3 = (u—A) (A= A1)?.
By induction, for every r > 1,

(A= A>T = (u—A) (A= A1)
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It follows from (8) that

» o e v r f2+r T 2
ZJA—AU @+nt E%H—A)Q+¢ﬂ(A_A”
. 1 ~+o00 i - ) ) :
- W—AYZ%M(V M) (A=A

Finally, we obtain

et = &WLHAfMD+—£ﬁ—{J“W717WfAﬁ}M—AN
(n—A)?
pt _ gAt telt
— M rt(A=AN)+ S A— A2 - A— Al
( ( ) W—AV( ) V—A( )
This completes the proof. ]

Dj. Bellaouar (University 8 Mai 1945 Guelma) System of linear differential equations. Part Il October 2024 15 / 17



Solve the system of differential equations
xq (t) 2 -1 2 x1 (t)
x5 (1) | = 10 -5 7 xp (t)
x5 (t) 4 -2 2 x3 (t)
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Solution. We first find the characteristic polynomial of A. By computation,
pa (x) = x? (x+1) . This means that A has two eigenvalues A = 0 (with
multiplicity 2) and = —1 (simple). It follows from (7) that

AM=h+tA+ (t+et—1)A%
Simple computation we obtain

4t+2 -1 1-L -2t 3t+L-1

M= 8t—-2+2 L —a 6t— L +1
o S S I
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