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On the powers of a square matrix. Part |

Here, we propose a method for computing the powers of a strictely triangular
matrix. That is, a matrix of the form

0 x x X 0 O 0
0 0 x x x 0 0
. or _

D X X X .

o 0o --- 0 x x x 0

Let us choose the following example:
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, where a, b, c € R.
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Find A" for n > 0.
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Solution. Setting
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A= + 0
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It is clear that N is nilpotent of index k = 3 (that is N3 = 0). Moreover,
DN = ND. By Binomial formula, we have

A" = (D+ N)" = CID" + C;D" !N+ CZD"2N?,
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where
: n!

Cn = it(n—1i)!

and
0 0 K
N2=|0 0 o0
00 O
That is,

AN = D" + nD”_1N+ n(n2_ 1) Dn_2N2.
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Prove that J1~1 £ 0 and JI = 0. That is, J, is nilpotent with index n.
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For example, we have

010
_j2:<g (1)),J3: 001 |.J=
00 0

O O O o
O O O =
O O == O
O =~ O O

and so on. Here, show that J22 =0, J33 =0 and Jﬁ' =0 but J§ # 0 and J43 # 0.
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