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System of recurrence sequences. Part |l

Linear recurrence sequences of order k

Definition
Let (ag, a1, ..., ak—1) be a system of k real numbers not all zero. A linear
recurrence sequence of order k is defined as follows:

Xptk = 0Xp + a1Xn41 + -+ A1 Xnp k-1,
X0, X1, - Xk—1 € R are given.

Thus, a sequence defined by a linear recurrence relation is uniquely determined
by its first k terms: xg, x1, ..., Xj_1.
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As an example, for k =2 :

Xp+2 = aoXn + a1Xn11, (S)
xp, X1 € R are given.

In the equivalent vector-matrix system, we obtain

Xn42 \ _ (a1 a Xp41
Xn+1 1 0 Xn v
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or equivalently

X, 0 1 X
(22 ) (aa o), ®
n+2 Xpio a a1 A Xn+1 Xnt1

from which it follows that

Xy =AX, 1 = A’X, o =..=A"1X], (1)

where X1 = ( ;(0 ) Thus, we must compute A” for n > 0.
1
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Application. Consider the following example:

Let (x,) be the sequence given by

Xnp2 = 77 i X0, x1 € RY. (2)

Xn Xn+1

Find the formula of x, in terms of n, then calculate lim x,.
n—-4o00
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Solution. In fact, we write (2) in the form

2 1 1

Xn Xp—-2  Xp—-1

.2
Setting — = y,, we get
Xn

. 1 1
2Yn = Yn—1+yn—2, thatis, yp, = zy,_1 + 5Yn-2-

2

In the equivalent vector-matrix system, we have

G )= 8)0m )

S
O N
X | | =
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Therefore,

Yn-1

From the computation (the matrix diagonalizable), we obtain

s+ ()] 37

1 1
Yo =A"1( 1 ) whereA=( 2 2 ).
Yo 1 0

ATt = 3 i T
- ]_ -1 n— 1 1 n—
3[2‘2(2) } 3{”2(2)
and so
1 1 n—1 1 1 n—1
=212 — 1= (==
Yn 3 +< 5 ) -+ 3 < 5 ) Yo
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. 1 .
Since x, = —, it follows that
Yn

3

Xn =

Passing to the limit as n tends to infinity, we get
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1 n—1 1 1 n—1 1'
2 — — 1—(— —
+(2) ><1Jr (2) X0
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Let (F,) be the Fibonacci sequence defined by

{Fn: n—1+Fn—2 n> 2

Fo=F =1

Complete the following table:

n |0|1|2 |3 |4 |5 |6 |7 |8 |9 1011|1213 | 14
Fro|1]1

Compute Figgo-
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