May 08 1945. Guelma University Department of Mathematics

Second year level Sheet2 : Sequences and Series of Functions

EXERCICE 1.Let (fn)n be the sequence of functions defined on R, by
VneN*, Ve € Ry, ful(w) = (2% + e ——.
neN* Ve eRy, fuo(z)=(z"+1)e ]

(1) Calculate f,,(0), then show that (f,), converges on R to a function f that we will determine.

(2) Is the convergence of (fy,), to f uniform on R ?
(3) For all x # 0, calculate f(x) — fn(z). Deduce that, Va > 0, and Vz > a, we have

f(z)
0< — fo(z) < —
< @)~ @) <
(4) Let gn(x) = (nj;(f—)l)’ calculate g;,(z), then show the uniform convergence of f,, towards f on R

1
(5) Calculate 1i_>m / fn(z)dx where a € 10,17

EXERCICE 2.Let (fr)nen+ be the sequence of functions defined on [0, 1] by

n*z(1—nz) ifz€|0,2]
0 ifzell1].

(1) Calculate the limit of the sequence (fy,).
(2) Calculate flo fn(t)dt. Is there uniform convergence on [0,1]?

(3) Study the uniform convergence on [a, 1] for a €]0, 1].
EXERCICE 3. We consider the sequence of functions f, : [0,1] — R defined by

fula) = 2

(c.1): Determine the simple limit of f,,. Is there uniform convergence ?
1
(c.2): Determine lim fn(x)dz.

n—roo 0

ne

n+ax

EXERCICE 4.For all integer n > 1 and all x € RT, we put

. N
0 0

(1) Calculate f;,(z) and sup,cg |fn(2)[, then show that the series of functions 37, -, fn(2) is normally
convergent on R+,
(2) Let f(z) =>,5, fa(z). Show that f is continuous on R* and show that its sum

2
x
flz) = — T .(Indication : use the sum of a geometric series).
ot _

(3) Using two integrations by parts, show that

12 2 —nx 2 —nx

gn(sc):—<n+n2>e —|—$(1—6 ), forz>0.
!

(4) Show that |g,(z)] < % (We can use the fact that % > aPe™ ™ for all integer p > 0 and all z € R™).

(5) Deduce that the series of functions y-, -, g, () is normally convergent on R™.

(6) Let g(z) =3 ,,5, gn(). Calculate limg 4o g (7). Express lim, 40 g(2) as a sum of series.

m teo 42 1
(7) Show that g(z) = [ f(t)dt. Deduce the following identity : / —dt=2 > —

t
e
0 o1
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