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CHAPTER

Infinite Series

1.1 An introduction to series

A series is the result of adding a sequence of numbers together. While you may never have
1
thought of it this way, we deal with series all the time when we write expressions like 3=

0.333....., since this means that

13,3 3
3 10 100 1000 7

In general we are concerned with infinite series such as

Y an=a a4 a3+ .y + ...

n>1
First though, we need to decide what it means to add an infinite sequence of numbers
together. Clearly we can’t just add the numbers together until we reach the end (like we do
with finite sums), because we won't ever get to the end.
For any three numbers 4, b and c, the following holds: a + (b +c¢) = (a + b) + c. This
property has the important theoretical consequence that you can add any three numbers
by choosing two, adding them, and then adding their sum to the third number. In other
words, finite sums can be rearranged and regrouped arbitrarily without changing the
sum because of the associative property. What's just as bad is that the associative property

doesn’t work for infinite series, as we see in the followingexample: 1 —14+1—-1+1—-1+4....




1.1 Anintroduction to series 4

If you group the terms into pairs, this series can be rewritten as
1-1+41-14+1-1+...=(1-)+(1-1)+(1-1)+....=04+0+04+0+0+....=0.
But, if you group the terms differently, you can also obtain
1-1+41-1+1-14...=14+(-1+1)+(-14+1)+...=1+04+0+0+0+0+... = 1.

We do not yet know if either of these calculations are valid. But what we do know is that they
cannot both be valid (because that would imply 0 = 1). Therefore it cannot be the case
than one can legally regroup or rearrange terms in an infinite series. In other words, the
associative property is invalid for infinite series in general.

Instead, we adopt the following limit-based definition.

Definition 1.1.1. If the sequence {s, } of partial sums defined by
k=n
Sy =a1+ay+az+...a, = Zak
k=1

has a unique and finite limit as # — oo, then we say that Z a, = lim s,, and in this case

i1 n—oo
we say that Z a, converges. Otherwise, Z a, diverges.
n>1 n>1
We begin with a particularly simple example.
Example 1.1.1. (Powers of 2). The series Z:l on converges to 1.
n—=
We begin by computing a few partial sums:
1 1 1
5173 =3 =173
1 1 3 1 1
5—1—1—1—1—1 7 _1q 1 1
7T 27478 8 8 2
s—1+1+1 1 15 _1_1_1_1
T 27478716 16 16 0 2877
B 1 _ 1 1 1 1
then,s, = 1— on and then, s, 1 = s, + il = 1-— on + il = 1-— CTESE so the formula

is correct for all values of 1 (this technique of proofis known as mathematical induction). With
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1.1 Anintroduction to series 5

e0)
. 1
this formula, we see that lim s, = Z — = S = 1
n—o00 = omn
w — Remark 1.1.1. There is an alternative, more geometri-
e cal, way to see that this series converges to 1. Divide the

e unit square in half, giving two squares of area 1/2. Now
divide one of these squares in half, giving two squares
of area 1/4. Now divide one of these in half, giving two
squares of area 1/16. If we continue forever, we will

subdivide the unit square (which has area 1) into squares of area 1/2,1/4,1/8, ...., verifying

thatZ——s—l

o
Remark 1.1.2. Ifs, does not tend to a unique limit finite or infinite, then series Z a, is said
n=1
to be oscillatory.

Properties 1.1.1.

If we add or remove finitely many terms in a series, then a convergent series remains conver-

gent and a divergent series remains divergent.

Ifwe multiply each term of the series by a non-zero constant, then a convergent series remains

convergent and a divergent series remains divergent.

[ee]

Ifz a, and Z b, are convergent, then Z a, £ 2 b, = Z an, £ by) is also convergent.

n=1 n=1 n=1 n=1 n=1

[e9) o0
Unless a, and b, are of the same sign, the divergence of the two series Z a, and Z by,

n=1 n=1
o

does not imply the divergence of the series 2 (ay + by) as well shown in the example of
n=1

a, = (=1t andb, = (—-1)".

The set of numerical series is a vector space on C, that of convergent series is a subspace.

1.1.1 A necessary condition for convergence

Theorem 1.1.1. Ifz a, is convergent, then lim a, = 0.
n—o00

University of Guelma Department of Mathematics W BENRABAH. A



1.1 Anintroduction to series

Proof. . Since we are assuming that Zan converges, thena, = s, —s,_1and lim s, =
n—o00
lim s,,_; = s. therefore

n—o0o

lim a, = lim s, — lim s,,_1 =s—s =0.
n—oo n—oo n—oo

1.1.2 The Test for Divergence
If lim a, # O then Y ay, diverges.

Remark 1.1.3. Itis important to remember that the converse to the Test for Divergence is

false, i.e., even if the terms of a series tend to 0, the series may still diverge.

1
Example 1.1.2. (The Harmonic Series). The series Z = diverges. Indeed

Zl — 1+1+1+1+1+1+1+1
no 2 3 4 5 6 7 8
n>1 —— X ~ )
N
+ 1+l+l+i+i+l+l+i+ >1—|—1+1+1+
9 10 11 12 13 14 15 16 - 2 2 2 7
-}

and therefore the series diverges.
Example 1.1.3. (Harmonic series) Indeed, the harmonic series is just such a series: = —0

1
asn — oo, but Z — diverges.
n

n

1
Example 1.1.4. If, g, = In (1 + %> .Then lim a,, = 0, but

n—o0

University of Guelma Department of Mathematics %f BENRABAH. A



1.1 Anintroduction to series 7

n

n
lim s, = lim Y = lim Y (In(k+1) —Ink)
Ook_ o

n—00

= k=1
= li_r>n [(In2—In1)+ (In3 —In2) + (In4 —In2) + ...+ (In(n+1) — Inn)]
n—oo
= limIn(n+1) = oo.
n—oo

Our goal in this chapter is to develop several tests which we can apply to a wide range of

series. Our list of tests will grow to include
1. The Test for Divergence (already given)
2. The Integral Test
3. The p-Series Test
4. The Comparison Test
5. The Limit Comparison Test
6. The Ratio Test(d’Alembert test)
7. Cauchy’s nth Root Test(or The root test)
8. Raabe’s Test
9. The Absolute Convergence Theorem
10. The Alternating Series Test

Remark 1.1.4. Itis important to realize that each test has distinct strengths and weaknesses,
so if one test is inconclusive, you need to push onward and try more tests until you find one

that can handle the series in question.

1.1.3 Geometric series

One of the most important types of infinite series are geometric series. A geometric series
is simply the sum of a geometric sequence. Geometric series are some of the only series
for which we can not only determine convergence and divergence easily, but also find their

sums, if they converge:
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1.1 Anintroduction to series

Definition 1.1.2. Geometric Series. The geometric series

a+ar+ar*+arP+.. +ar +.. = Z ar,
n=0

a . .
converges to 1 if || < 1, and diverges otherwise.

—7T

An easy way to remember this result is

first term
1 — ratio between terms

geometric series Z =

Example 1.1.5. Compute

e 12+4+4/3+4/9+4/27.....
0 2n+3
n

¢ 2 (_1) 3n

n=6

=) 2n+1 + gn /2
n=1 5"
e Use geometric series to approximate the decimal expansion of 1/48.

Proof.

e The first term is 12 and the ratio between termsis1/3, so

124+4+4/3+4/94+4/27.... = first term 12

— — = 18.
1 — ratio betweenterms 1—1/3

* This series is geometric with common ratio

n+4
An+1 (_1)n+1§n+1
= = 2n+3 = —2/3,

; 2n+3 29 /36

and so it converges because |-2/3| < 1.Its sumis ) (—1)
n=6
512/1215.

¢ We break this series into two

0 2n+1+9n/2 00 2n+1 00 911/2
DGR LG SE N o LIS

n=1 n=1 n=1

3 1+42/3

University of Guelma Department of Mathematics W BENRABAH. A



1.1 Anintroduction to series 9

The first of these series has common ratio 2/5, so it converges. To analyze the second
series, note that 91/2 — 3", so this series has common ratio 3/5. Since both series

converge, we may proceed with the addition:

izn-l—l +9n/2 B 22/5 3/5

= =4 2=17/6.
5 1_2/5—1-1_3/5 /3+3/ /6

n=1

» We express 1/48 as 1/50 times a fraction of the form1/(1 —r):1/48 =1/(50 — 2) =
(1/50)

series,

1
1-2/50 750" Now we can expand the fraction on the righthand side as a geometric

1/48 = (1/50) (1 +2/50 + (2/50)% + (2/50)% + )

Using the first two terms of this series, we obtain the approximation 1/48 ~ 0.02(1 +
0.02) = 0.0204.

4

Example 1.1.6. (Repeating Decimals). Write the repeating decimal 3.10454545.... as a frac-

tion in lowest terms.

Notice that we can rewrite this decimal as the sum of infinitely many fractions as follows:

3.10454545.... = 3.10 + 0.0045 + 0.000045 + 0.00000045 + .....

31 45 45 45

= 70 108 T 706 T 108

31 1
= 0T P L
_ w1 a3 o,

10 * 10021 —1/100

1.1.4 A necessary and sufficient condition for convergence

Theorem 1.1.2. Let (a,) be a sequence in R. The series Z a, is convergent if and only if

n=p

X

n=q+1

Ve >0, dng € IN suchthat p,q € N and p > g > ng, then <e.

Remark 1.1.5. This theorem is not very simple to handle, nevertheless its importance comes

from the fact that it constitutes the only known necessary and sufficient condition which

University of Guelma Department of Mathematics %f BENRABAH. A



1.2 Positive Term Series 10

applies generally to any convergent series. It is the last method, when no simpler method is

not applicable.

1
Example 1.1.7. (The Harmonic Series). The series Z = diverges. We have

| 1 1 1 1

)3

== + + ot > p—,
Join p+l pt2 p+3 2p ~ Py

2p 2p 1 1
therefore Z — > — and we cannot realize 2 —| < eife < > And therefore the
n n
n=p-+1 n=p+1

series diverges.

1.2 Positive Term Series

Definition 1.2.1. If all the terms after some finitely many terms of an infinite series are

positive then such a series is called positive term series. e.g.

—74+8-3-5+9-32+2+3+5+34+ ..., is a positive term series.

positive terms

Theorem 1.2.1. Supposea, > 0 Vn. Then Zan converges ifand only if (s, ), is bounded

above.

1
Example 1.2.1. Let 2 e Since the series is positive and, Vn > 1,
n>1

k=nq k=n q k=n 1 k=n—1 1
Sn = m =l ) =1+ =1 —
= = k2 = k(k—1) = k(k+1)
k=n-1
1 1 1 1
= e = - — =) — - — <
14 k:Zl (k k+1) 14 (1 ) (1 )_2

1
This shows that (s, ), is bounded above, so ) — is convergent.
n>1

1.2.1 The integral test

In this subsection we discuss a very simple, but powerful, idea: in order to prove that certain

series converge or diverge, we may compare them to integrals.

University of Guelma Department of Mathematics %f BENRABAH. A



1.2 Positive Term Series 11

Definition 1.2.2. In general, if we have a function f defined from x = ato x = oo, we define

/uoof(x)dx = lim /ubf(x)dx,

b—o0

and we say that this improper integral converges if the limit converges, and that it diverges if

the limit diverges.

Theorem 1.2.2. Suppose that f is a positive, decreasing, and continuous function, and

thata, = f(n). Then Z a, converges if and only if the improper integral/ f(x)dx
1

n>1

converges.

Proof. Suppose we have a function f which is positive and decreasing, such that f(n) = a,
forn =0,1,2,3, ... Consider the above picture, which shows the graph of f in red. It is clear

from the picture that
green area < / f(x)dx < greenarea + blue area. (1.2.1)
0

Now let’s figure the area of the green shaded region. This can be subdivided into rectangles
of width 1 by drawing vertical line segments from the x —axis up to the top of the green area
at each integer. If you do this, you will find that (by reading the heights of the rectangles off

of the scale on the y—axis)
e the area of the first green rectangle is its height times its width, i.e. is a1.1 = a4,

* the area of the second green rectangle is a,.1 = a5,

University of Guelma Department of Mathematics W BENRABAH. A



1.2 Positive Term Series 12

* the area of the third green rectangle is a3.1 = a3, etc.

(0]
Thus the total green areaisa; +a; +az + .... = Z ay.
n=1

Now let’s figure the total area of the blue and gree_n regions. As with just the green regions,
the combined blue and green regions can be divided into rectangles of width 1. This time,

however,

* the area of the left-most rectangle (whose bottom part is green but whose top part is

blue) is its height times its width, i.e. is ag.1 = ay,
e the area of the second rectangle is a1.1 = a4,
* the area of the third rectangle is a;.1 = a,, etc.

o
Thus the total combined blue and green areaisag + a1 +ay + a3 + ... = Z ay.
n=0

Plugging these computations into equation (1.2.1), we see that
o0 fo'e) (e )
Y a, < / f(x)dx < Y ay.
n=1 0 n=0

[e9)
From this inequality we can prove the theorem. First, assume that / f(x)dx converges.
0

This means that the green shaded area, being less than the finite number / f(x)dx, is also
0

finite, i.e. Z a, converges. Since the starting index of a series is irrelevant to whether or not

n=1
o

it converges, Z a, converges as well.
n=0

[ee)
Now assume that / f(x)dx diverges, i.e. that the area under the red function is infinite.
0

This means that the combined green and blue shaded area, being greater than the area under
(o)

the function f(x) (which is / f(x)dx), must also be infinite. Therefore )  a, diverges.
0 n=0
This completes the proof of the Integral Test. U

1
Example 1.2.2. Does the series ——— converge or diverge?
P n; n? 41 & &

We began the section by considering ) "1/n and ) _1/n* Whatabout ) _1/n” for other
values of p? We can evaluate the integral of 1/x¥, so the Integral Test can be used to determine
which of these series converge. Because series of this form occur so often, we record this fact

as its own test.

University of Guelma Department of Mathematics %f BENRABAH. A



1.2 Positive Term Series 13

1.2.2 The p-Series Test

Theorem 1.2.3. The series 2 1/n” converges if and only if p > 1.

Proof. When p = 1, we already know that the series diverges (1/# is the Harmonic
series). For other values of p, we simply integrate the improper integral from the Integral
Test:

o 1 b
/ Sdx = lim [ —dx
1 xF b—oo J1 XP

pl-» 1
= lim —
h—oo (1—;9) 1—-p

1
P — if 1
B 1—}9, iwp>

o, ifp<L

U
The Integral Test Remainder Estimates. Suppose that f is a positive, decreasing, and
continuous function, and that a, = f(n). Then the error in the nth partial sum of Z ay is

bounded by an improper integral:

(ee]
Sn - Z an
n=1

< /noof(x)dx.

The proof of the Integral Test Remainder Estimate is almost identical to the proof of the

Integral Test itself, so we content ourselves with an example.

1
Example 1.2.3. Bound the error in using the fourth partial sum s4 to approximate 2 —5.
n>1
The error in this case is the difference between s,; and the true value of the series:

[e0]

54_21111

n=1

| b 1 1
Error = = < / —dx = lim —dx =
4

x2 b—oo Js x2 4’

(e )
Sn— Y an
n=1

This is not a very good bound. As we mentioned earlier, EULER approximated the value
of this series to within 17 decimal places. How many terms would we need to take to get

the upper bound on the error from the Integral Test Remainder Estimates under 10172

University of Guelma Department of Mathematics W BENRABAH. A



1.2 Positive Term Series 14

1.2.3 The Comparison Test

Theorem 1.2.4. Suppose that0 < a, < b, for sufficiently large n.
° Ifz a, diverges, then 2 by, also diverges.

o If Z b, converges, then Z”” also converges.

Proof. Lets, denote the nth partial number of a,, and ¢,, denote the nth partial sum of
b,, so

Sy =a1+ay+ ...+ ay, th =b1+by+ ..+ b,
From our hypotheses (that 0 < a,, < b, for all n), we know thats,, < t,, for all n.

e First suppose that Z b, converges, which implies by our definitions that t, — 2 by,
as n — oo. The sequence s, is nonnegative and monotonically increasing because

Sp+1 — Sn = ay > Oforalln, and
0<s, <t; < an
so the sequence s, has a limit by the Monotone Convergence Theorem that the series

Z ap converges.

e Now suppose that Z a, diverges. Because the terms a,, are nonnegative, the only way that
Zan can diverge is if s, — oo as n — oco. Therefore the larger partial sums ¢, must

also tend to oo as n — 090, so the series Z b, diverges as well.
O

Remark 1.2.1. In practice, we will almost always compare with a geometric series or a

p—series.

converges

Example 1.2.4.  * Show that the series ) | o
— 12 —

> n
e Show that the series ) ——— diverges.
& Vw7

nlnn

v (n+3)°

¢ Does the series

[0,]
converge or diverge?
1

Solution:

University of Guelma Department of Mathematics %f BENRABAH. A



1.2 Positive Term Series 15

e Because n”> — 1 > (n — 1)2, we have that

DA S S T S S S o
~n?—1 3 8 15 71 4 9 - Sn?

1
so the series converges by comparison to —.
n

n

n > _ 1
Vit 7 T Vi 7nt V8n
by comparison to the harmonic series.

e We have

, 0 the series we are interested in diverges

e As we know, Inn < n'/4 for sufficiently large n and (n + 3)5 > n5, we can use the
comparison
nlnn n.nt/4 1
Because Z ! is a convergent p—series i ninn converges by the Compari
n5/4 ’ - /(n+3)5
son Test.

If a series converges by the Comparison Test, then we have the following remainder estimate
The Comparison Test Remainder Estimate. Let Z a, and Z b,, be series with positive

terms such that a, < b, forn > N. Then for n > N, the error in the nth partial sum of

Y au, su, is given by

S bn+1 + bn+2 + bn+3 + .......

o0
Sn—)_an
1

(0]
1
Example 1.2.5. How many terms are needed to approximate Z to within E?
1

2+ n

1.2.4 The Limit Comparison Test
Theorem 1.2.5. LetZan and Z by, be two positive term series such that

. an
Iim — =1L,
n—oo by,

then

* ifL is non-zero and finite, then Zan and Z b, converge or diverge together,

University of Guelma Department of Mathematics W BENRABAH. A



1.2 Positive Term Series 16

* ifL=0, then Zan is convergent ifz by, is convergent,
e if L = oo, then Zan is divergentifz by, is divergent.
Proof. U

Example 1.2.6. Examine the convergence of the series:

2 _
(a) an—ﬂl (b) Y Vri4+1l—n, (c)1+1/22+2%/3°+3%/4* + ..

n>1 n>1

1.2.5 The Ratio Test (D’ALEMBERT Ratio Test)

There are a great many series for which the above tests are not ideally suited, for example,
the series

00 gn

o
Integrating the terms of this series would be difficult. We could try a comparison, but again,
the solution is not particular obvious. Instead, the simplest approach to such a series is the

following test due to Jean le Rond d’Alembert (1717-1783).

Theorem 1.2.6. Suppose thatz an is a series with positive termsand letL = nll—I>I<>lo ani1/an.
e IfL <1 then Zan converges.
e IfL > 1 then Zan diverges.
e IfL =1 or the limit does not exist then the Ratio Test is inconclusive.

Proof. You should think of the Ratio Test as a generalization of the Geometric Series Test.
For example, if (a,) = (ar" is a geometric sequence then nlgr.}o ay+1/a, = r, and we know
these series converge if and only if || < 1.

If L > 1 then the sequence a, is increasing (for sufficiently large #), and therefore the series
diverges by the Test for Divergence.

Now suppose that L < 1. Choose a number r sandwiched between Land 1 : L < r < 1.
Because a,,,1/a, — L, there is some integer N such that0 < a,,1/a, < r.Foralln > N.
Set a = an. Then we have

aNy1 S ray = ar,

University of Guelma Department of Mathematics W BENRABAH. A



1.2 Positive Term Series 17

and

anta < ranyy < ar?,

and in general, an; < ar®. Therefore for sufficiently large n (namely, n > N), the terms of
the series Z a, are bounded by the terms of a convergent geometric series (since 0 < r < 1),

and so Z a, converges by the Comparison Test. 0
00 n

Example 1.2.7. 1. Does the series Z i converge or diverge?
T n!

o 2
. n .
2. Does the series 2 o converge or diverge?
1

o0
10"
. . 0
3. Does the series le o YTESY converge or diverge?
50 + ++ + sn
8 + -+
+
25 1
+

Remark 1.2.2. * It is important to note that the Ratio Test is always inconclusive for

polynomial

series of the form ) | As an example, we consider the harmonic series

Zl/n anle/nz.

e When it is a good idea to use the Ratio Test: The Ratio Test is likely to work well for a

polynomial

series whose terms contain only things that are multiplied and divided, and for series

whose terms contain expressions like 2", 3", c"*, n", n!, etc.

1.2.6 Cauchy’s nth Root Test(or The root test)

Theorem 1.2.7. Ifz a, is a positive term series such that

lim (a,)'/" =L,
4 de.)

University of Guelma Department of Mathematics W BENRABAH. A



1.2 Positive Term Series 18

then
o IfL <1 then)_ay, converges.
e IfL > 1 then Zan diverges.
e IfL =1 orthe limit does not exist then the Ratio Test is inconclusive.

Example 1.2.8. Examine the convergence of the following series:

.y (n—1Inn)"
= nyn 4

° 2 3(_1)11_”’
n>1

£ ()
i1 n+1

Remark 1.2.3. Let Z a, be a positive term series

1. If lim a,.1/ay, exists, then lim a,l/ " exists also, and we have
n—oo n—oo

lim a,.1/a, = lim a/",
n—o00 n—o00

2. The reciprocal of (1) is false, in general.

1.2.7 Raabe’s Test

Theorem 1.2.8. If Z a, is a positive term series such that

limn( n —1) —I

then
. Zan is convergent if L > 1,
. Zan is divergent if L < 1,
o Testfailsif L = 1.

Remark 1.2.4. The Raabe’s test is used when D’Alembert’s ratio test is failed and the ratio

a,/a,.1 does not contains the number e.
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1.2 Positive Term Series 19

Example 1.2.9. Examine the convergence of the series:

3 36 3.6.9 3.6.9.12

1+ 7 + 7.10 + 7.10.13 + 7.10.13.16 o

In the case where the limit L of the Raabe’s Test is equal to 1, a refinement is still possible:

Theorem 1.2.9. Ifz a, is a positive term series such that

lim {n( in —1) —1] Inn =1,
n—ro0 An+1

then
. Zan is convergent if L > 1,
. Zan is divergent if L < 1,
o Test fails if L = 1.

Proposition 1.2.1. (Bertrand’ seriesﬂ

Let« and B two real numbers. The series Z converges if and only if (x > 1),

= n*(Inn)f
or(a=1andp >1).
Proof.

1. If &« > 1, there exists a real constant such that 1 < v < a. Then

n7 ! = ! — 0
nt(Inn)f ~ nt=r(Inn)p T

since & — 7y > 0. then, from Riemann’s rule the series converges.

2. If &« < 1. With the same manner, we have

so the series diverges.

3. assume thata = 1.

joseph Bertrand (1822-1900), French mathematician
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a If B <0,foralln > 3 we get

IR
n(lnn)f ~ n

thus, from the comparaison test the series Z

di .
L ()P iverges

b If B > 0. The function x — f(x) = is positive and decreasing on [2, +o0],

x(Inx)P
thus by using integral test (see theorem[1.2.2).

(i) If B # 1, we have

X

/2" t(litt)ﬁ - [(h;t_)l[;ﬁ]z 7 i B ((lnx)l_ﬁ - (ln2)1_/5> ,

we deduce that

1-p

. X df —(lnz) , iftp>1
lim / v 1-8
w2 HInt) oo, if0<B<I.

Then, the series converges if > 1, and divergesif 0 < < 1.
(if) Now, if B = 1.

[ gy = n(5) = 1) s = o

Thus, the series 2 diverges.
>2

L
= n(Inn)

1.3 Alternating Series

We have focused almost exclusively on series with positive terms up to this point. In this
short section we begin to delve into series with both positive and negative terms, presenting

a test which works for many series whose terms alternate in sign.

Definition 1.3.1. A series with terms alternately positive and negative is called an alternating

series. For example, 1 —1/2+1/3—-1/44+1/5—-1/6+1/7 — ........... The general form
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of alternating series is given by

a1 —ay+az—ag+as —ag+ay —ag + ........ = Z(—l)”*lan, (a, > 0)
n>1
or
—a1+a; — a3+ a4 —as +ag — Ay + 48 — ..eeeeee = 2(—1)”11;1, (a, > 0)
n>1

1.3.1 The Alternating Series Test

Theorem 1.3.1. Suppose that the sequence (ay,) satisfies the three conditions:
1. a, > 0 for sufficiently largen,
2. ay4+1 < ay for sufficiently largen (i.e., a,, is monotonically decreasing), and
3. a, - 0asn — oo.

Then the alternating series Y _ (—1)""a, converges.
n>1

An explanation of why the Alternating Series Test works:

We are going for simplicity:
1. that the starting index of the series isn = 0, and
2. that the terms ag, a3, a4, ..... are all positive and the terms a1, a3, as, ..... are all negative.

Nowforeachn > 0,letS,, = ag+a; + .... + a, be the nth partial sum. Consider the following

picture which plots S;, vertically and n horizontally (an explanation of the picture is below)
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The partial sums are plotted with the red and blue points (the S, where # is even are the red
points and the S,, where 7 is odd are the blue points). Notice that to get from one partial
sum to the next, i.e. to get from S, to S,,+1, you have to add a,,, 1. This is indicated by the

green arrows. Now we will use the hypotheses of the Alternating Series Test:

* By hypothesis (1), the an alternate in sign. In our case, all the even an are negative and
all the odd an are positive. Therefore, whenever n is odd, S;, is below the previous partial
sum, and whenever 7 is even, S,, is above the previous partial sum. This makes each
blue dot lower than each preceding red dot, and each red dot above each preceding
blue dot.

« By hypothesis (3), |a,| > |a,1|. Since |a,| is the length of the n'" green arrow, we are
assured by hypothesis (3) that the green arrows are getting shorter as # increases. Thus

the red and blue dots are getting closer and closer together.

* By hypothesis (2), nh_r}(}o |a,| = 0. This means that since |a,| is the length of the green
arrows, the length of these green arrows is going to zero as n increases. Thus the red
and blue dots are both approaching the same height, so they have the same limit. This
limit L is the limit of the partial sums, so by definition the infinite series converges to
L.

This concludes the explanation of why the Alternating Series Test works.

2 3
Example 1.3.1. Does the series | (—1)"+1 nto converge or diverge?
=1 3n+4
This series does alternate in sign, and " is decreasing, but 2n+3 — 2/3 # 0, so the
st 3n+4 & 3n+4 ’

series diverges by the Test for Divergence.

Remark 1.3.1. Note that in the solution of Example|1.3.1} we did not appeal to the Alternating
Series Test, but instead used the Test for Divergence. The Alternating Series Test never shows

that series diverge.

1.3.2 Absolute and Conditional Convergence

Definition 1.3.2. A series 2 ay, is said to be absolutely convergent if the series Z lay| is

n>1 n>1
Convergent.
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Definition 1.3.3. If Z ay is converges but Z |a,| diverges, then the series Z ay is called
n>1 n>1 n>1
conditionally convergent.

Example 1.3.2. * Test the convergence of the series: 5 — 10/3 +20/9 — 40/27 + .....
Test the convergence and absolute convergence of the series:
. LI L1 +
1x3 2x4 3x5 4x6
. (_1)11—1
v

Remark 1.3.2. * Every absolutely convergent series is a convergent series but the con-

verse is not true.

o If ) a, is a series of positive terms, then ) _ |a,| = ) _ a,.. Therefor the concepts of
n>1 n>1 n>1
convergence and absolutely convergence are the same. Thus, any convergent series

of positive terms is also absolutely convergent.

The proof of the Alternating Series Test implies the following very simple bound on

remainders of these series.

Theorem 1.3.2. The Alternating Series Remainder Estimates.

Suppose that the sequence (b, satisfies the three conditions of the Alternating Series Test:
1. by, > 0 for sufficiently largen,
2. byy1 < by, for sufficiently large n (i.e., by, is monotonically decreasing), and
3. b, > 0asn — oo.

Then ifn > N, the error in the nth partial sum of ) _ (=1)"*1b, is bounded by b,
n>1

s0— Y (—1)"" b,

n>1

< bn—H-

Example 1.3.3. How many terms of the alternating series must we add to approximate the

true sum with error less than 1/10000?
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Notice that there are now three disjoint classes of infinite series: those which converge
absolutely, those which converge conditionally, and those which diverge. Putting all this
together, we have the following diagram illustrating the various possibilities for infinite series.
This diagram is extremely important to understand:

CONVERGENT SERIES
/

POSITIVE ALTERNATING
SERIES yd SERIES

[ ABSOLUTELY T
| | CONVERGENT |
EEEEE]
NEITHER
POSITIVE NOR
ALTERNATING

ALL INFINITE SERIES

1.3.3 The Cauchy Product of Infinite Series

The Cauchy product of two infinite series Z a, and Z b, is defined to be the series
n n

n
ch, where ¢,;, = Z a]'bn_]‘ = agb, + a1b,,_1 + a2b,,_» + .... +a,,_1b1 + a,by.
1 j=0

The convergence of Z a, and Z b, is not in itself sufficient to ensure the convergence
n n
of the Cauchy product of these series. Convergence is however assured provided that the

series ) _a, and ) _ b, are absolutely convergent.
n n

Theorem 1.3.3. The Cauchy product ch of two absolutely convergent infinite series
n

Z a, and Z by, is absolutely convergent, and
n n

e (£ (52)

Proof. For each non-negative integer m, let

Sm={(,k)eZxZ: 0<j<m, 0<k<m},
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Tw={(,k)eZxZ: 0<j0<m, 0<j+k<m},

Now

Y= Y abgand (ﬁ) (;Obn) - T b

n=0 (jk)€Tn n=0 jk)ESm

Also

nio|cn|g Yo el <) |ajubk\§<2|an\> (Zybny>.

(jk)eTn (jk)ESm n n

n
since |c,| <= Y |aj||b,_;| and the infinite series } a, and } _ by, are absolutely convergent.
j=0 n n
It follows that the Cauchy product Z cy is absolutely convergent, and is thus convergent.

n
Moreover

(1)) - g

n (j,k) € Tom \Sm
< ) b

(1K) TS
S

(jrk) eSZm \Sm

2m 2m m m
n n n n
since S;; C Ty, C Spyy,. But

i () (Bie) = (S o) (£
- Jim (iu) (iw),

since the infinite series Z a, and Z b, are absolutely convergent. It follows that
n n

i (Fe (52 (E0)) -0

00 2m 00 00
;Crz - nll—rgo;cn - <;an) (;bn) ’

and hence
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as required. 0

1.4 Summary of convergence(divergence) tests

Having completed our discussion of methods to classify infinite series as absolutely con-

vergent, conditionally convergent, or divergent, we now summarize the procedure one

should use when trying to solve such a classification problem. To classify an infinite series

Z a, as absolutely convergent, conditionally convergent or divergent, follow these steps:

1.

First, check to see whether the series is a p-series or a geometric series (or is a sum or
difference of series of this type). If it is, use the p..series Test and/or Geometric Series

Test (together with linearity properties) to classify the series.

. If the terms of the series contain only multiplication and division and contain ex-

ponentials or factorial terms, use the Ratio Test. (If the terms of the series are all

polynomials in n, avoid the Ratio Test.)

. Otherwise, classify the series as positive, negative, alternating, or none of these. If the

series is negative, factor out —1 from the series and treat what remains as a positive

series.

If the series is positive:

(a) If the terms of the series contain addition/subtraction in the denominator, or if
they contain sines or cosines, try the Comparison Test.

(b) If nlgrolo a, # 0, then the series diverges by the n'"-Term Test.

(c) If the terms of the series look like a function you can integrate, try the Integral Test

(use this only as a last resort).

. If the series is alternating, compute lim |a,]|.
n—oo

(a) If this limit is not zero, then the series diverges by the n'-Term Test.

(b) If this limit is zero, you can usually verify that |a,| > |a,.1|, then the series
converges by the Alternating Series Test. In this case, you then have to examine

the series ) _ || :
n
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(i) It} |an| converges, then ) _a, converges absolutely.
n n

(ii) If Z |a,| diverges, then Z a, converges conditionally.
n n
6. If the series is neither positive, negative nor alternating:

(a) Ifyou can show that lgn |a,| # 0, then the series diverges by the n''-Term Test.
n o0

(b) Forget the original series and try to show that the positive series Z |a,| converges;
n
in this case the original series converges absolutely by definition.
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CHAPTER

Sequences and Series of Functions

In this chapter, we will use the concepts developed in Chapter 1 to define and study functions
which are written as infinite series. What we will find is that several functions we know (like
the exponential function, sine, cosine, arctangent, etc.) can be written as an infinite series
which is relatively easy to work with. Furthermore, the representation of these and other

functions by a class of infinite series called "power series" has many applications.

2.1 Sequences Functions

2.1.1 Uniform Convergence of a Sequence of Functions

Definition 2.1.1. (Pointwise Convergence)
Foreachn € IN, let f,, : A C R — R be areal valued function on A. The sequence ( f;;) of
functions converges pointwise on A to a function f if, for all x € A, the sequence of real

numbers ( f,(x)) converges to the real number f(x). We often write

lim f,(x) = f(x) or lim f, = f.

n—oo n—oo

Thus we have

Vx € A, Ve >0, dny € Nsuchthat, Vn € N, if n > ng, then |f,(x) — f(x)| <e.
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Remark 2.1.1. There are several notations for the sequences of functions

(fn)nelN/ (fn)n20; (fn), or fo,fl,fz,....,fn,....

There is a difference between (f,) and f;: (f,) is the sequence and f, is the term of rank n,

or general term of this sequence.

2 2
Example 2.1.1. Let f,,(x) = x—i—Tnx = % + x, and

2
lim f,(x) = lim <x—+x> =0+x=nx.
n—o0 n—oo \ 1

If f(x) = x, then f, — fasn — oo.In this case, the functions f, are everywhere continuous

and differentiable, and the limit function is also everywhere continuous and differentiable.

fi. fs. fio, fan where fo=(x+nx)/n and fix)=x
30

Example 2.1.2. 1. Letg,(x) = x" on the set [0, 1].

0 if0o<x<1,
lim g,(x) = lim x" = ¢(x) = =
o =0 1 ifx=1

In this case, the functions g, (x) are continuous on [0, 1], but the limit function g(x) is

not continuous at x = 1.
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n
+ . X
2. VvneN, Vx e RT, f"(x)_1+xn
) 0 ifo<x<l,
~ Y x" B o
Mm fu(x) = lim =2 = flx) = ¢ 1/2 ifx=1,
1 ifx>1.

In this case, the functions f,,(x) are continuous on R™, but the limit function f(x) is

not continuous at x = 1.

g1, G2, 93, G2, Gigo Where gr,(x}=r". The limit g{x) is not continuous on [0,1].

Example2.1.3. 1. Vn € N*, Vx e R"; gu(x) = 811151—1136) : Since we have

Vn € N*, Vx e RY; 0<|gu(x)| < =, then, g,(x) = g(x) =0.

S|

We have also, Vn € N*, Vx € R, ¢/, (x) = cos(nx), and this clearly shows that, in
the case where x # 2k7t(k € IN) the functions (g/,(x)),>1 has no limit when n tends
to the infinity. For all x € R™ and x # 2k7t(k € IN), we have

4 im g} () # Jim L {(5) ()

X (n—oo n—oo dx

2. Let (hy)n>0 defined on |0, 1] such that,

VneN, Vxe€]0,1]; hy(x) = nx™.

University of Guelma Department of Mathematics %f BENRABAH. A



2.1 Sequences Functions 31

For all x €]0, 1], we have

. . : n , -1
lim h,(x) = lim nx" = lim =lim —— =0,
n—00 n—o0 n—so0 p—NInx n—o0 e~ NINX N

therefore the sequence (h,), converges on |0, 1] to the function & = 0. But

1 ) 1 ) n ) 1
/0 [nlgxgohn(x)]dx:/o 0dx =0 £ 1= lim -~ — lim [ h,(x)dx.

Important Question

Suppose f(x) = lim f,(x) for all x € A. What additional hypothesis would ensure the

n—o0
following?

(i) If each f, is continuous on A, then f is continuous on A.
(ii) if each f, is differentiable on A, then f is differentiable on A.

The best general answer to these questions has to do with the concept of uniform conver-

gence.

Definition 2.1.2. (Uniform Convergence)
Let (f,) be a sequence of functions defined on A C IR. We say that ( f,,) converges uniformly

on A to the limit function f defined on A if for every € > 0 there exists an 19 € IN such that
|fu(x) — f(x)| <e  forall xe€A,
whenever n > ng. Which is equivalent to
Ve >0, dng € N (ng =no(e))/(n >np) = (Vx € A, |fu(x)— f(x)| <e).

or

n—oo n—oo X

im,Lfo — fll = Jim sup|fo(x) — £(x)] = 0.

This means that for every n > ny, the difference between f,(x) and f(x) is less than €

foreveryx € A.
Remark 2.1.2. In the definition, the value of n( is independent of x.

Here is a figure that graphically depicts the definition:

University of Guelma Department of Mathematics %f BENRABAH. A



2.1 Sequences Functions 32

-
-

fn — f uniformly on A

Example 2.1.4. Example of Non-Uniform Convergence

<

nx if0<

R I |-

lim g, (x) = g(x) =0.

gn(x) =19 2_nx if < v

X
172
n n

0 otherwise.
N 1 1
If g(x) := 0, then (g,) — ¢ pointwise. Lete = 5 and x, = - Then

1
\gn(xn) —g(xn)|=1-0l=1>€= >

So, it is not true that for all € > 0, there exist an ny € IN large enough such that n > ny

implies | g, (x) — g(x)| < e for all x. So, (g,) does not converge to ¢ uniformly.

Vi/2(0)

lim,, o0 gn(z) =0 for all =
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Example 2.1.5. Another Example of Non-Uniform Convergence For x € Randn € IN,

let
0 ifx<O
enx . 1
hy(x) = oo — nh_r}r.}ohn(x) =1 3 ifx=0
1 ifx>0.

Plot of hi(x), hs(z), and hig(z).

Example 2.1.6. Example of Uniform Convergence

fn(x)zx/x2+% lim fu(x) = Va2 +0 = Va2 = |x].

So, fu(x) = f(x) = |x| pointwise. Let € > 0 be given. Choose 1y € IN large enough such
that — < €. Then for any x € R and n > ng we have

no
x2+ +|x|
|f”(x)_f(x)| = x2+——|X| x2+——|x|
x2+ +]x|
€ 1
= n2 < 1’l2
V¥l 0+ 40
1
= —<e€
n

This shows that (f,) — f uniformly on R. Note that each f,(x) is both continuous and

differentiable on IR, but f(x) = |x| is continuous on R and not differentiable at x = 0.
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Plot Off1 (x),fg(x),flo(x), and |x|

o5fF

L L L L L L
=3 -2 -1 r 1 2 3

Cauchy Criterion for Uniform Convergence

Theorem 2.1.1. A sequence of functions (f,,) defined on a set A C R converges uniformly
on A if and only if for every € > 0 there exists an ng € IN such that |f,(x) — fu(x)| < €

wheneverm,n > ngand x € A.

Proof. (=) Assume the sequence ( f,;) converges uniformly on A to a limit function f.
Let € > 0 be given. Then there exists an np € IN such that |f,(x) — f(x)| < g, whenever

n>mnpandx € A.Thenifn,m > npand x € A, we have

) = fun(®)]| = |falx) = F() + F(x) = funl¥)]
< [fal®) = fOI+1f () = fu(x)] = 5+ 5 =e.

(<=) Conversely, assume that for every e > 0 there exists an np € IN such that |f, (x) —
fm(x)| < e.whenever m,n > nyand x € A. This hypothesis implies that, for each x € A,
(fu(x)) is a Cauchy sequence. By Cauchy’s Criterion, this sequence converges to a point,
which we will call f(x). So, the uniformly Cauchy sequence converges pointwise to the
function f(x). We must show that the convergence is also uniform. For the value of € given

above, we use the corresponding ny. Then forn,m > ngandall x € A,

[fu(x) = fm(x)] <e.
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Taking the limit as m — oo gives
|fu(x) — f(x)| <e  forall x€A,

which shows that ( f,;) converges uniformly to f on A. This completes the proof. O

Proposition 2.1.1. Let (f,) — f pointwise on A C R. If there exists a real positive

sequence () such that

e lima, =0,
n—oo

o [fu(x)— f(x)] < ay forall x € A.
Then (fu) — f uniformly on A.

Example 2.1.7. Consider the sequence

e—nx

fu(x) = - forall x € R™ and n > 1.

(fu) — f(x) = 0 pointwise on R™. for all # > 1, we have:

e—nx

|[fu(x) = f(x)] = <

n

=y forall x € R™

S|~

1
Since - —n—00 0, we conclude that (f,;) — 0 uniformly on R™.

2.1.2 Uniform Convergence and Continuity

Theorem 2.1.2. Continuous Limit Theorem
Let (fn) be a sequence of functions defined on A C R that converges uniformly on A to a

function f. Ifeach f, is continuous atc € A, then f is continuous atc.

Proof. Lete > (0 be given. Fixc € A. Since f, — f uniformly, there exists anny € IN
such that
\fno(x)—f(x)|<§ forall x e A.

Since f, is continuous at ¢, there exists 6 > 0 such that | fy,, (x) — fu,(c)| < g whenever
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|x —c| < 6.1f|x — ¢| < 6, then

f(x) = flo)] = 1f(x) = fuo(x) + fno (x) = fno (€) + fino (c) — f(c)]
< [f () = fuo ()[4 [ g () = fng (€) | 4 | fng (€) — f(€)]
< sHzts=e

€ €
The first and third 3 are due to uniform convergence and the choice of 1. The second 3 is

due to the choice of . This shows that f is continuous at ¢, as desired. U

Remark 2.1.3. The converse of theorem is generally false: A sequence of continuous

functions can converge to a continuous function, without the convergence being uniform.

1
Example 2.1.8. Letforalln € N f,(x) = e € I =]0,1[It’s clear that (f,) —

f(x) = 0 pointwise on I that all f, are continuous on I and f is continuous also, but (f;,)

does not converge uniformly to f(x) = 0 on I. Since

sup | fu(x) — f(x)| =1 —0 as n — oo.

xel

Theorem 2.1.3. (Dini’s theorem)
Let (fn) be a sequence of real functions defined on the bounded and closed interval [a, b],

and assume that
» Each (f,) is continuous on [a, ] for largen,
¢ fo i Seo fon [a,b]][]
* f iscontinuouson [a,b],

* (fn) is increasing(or decreasing) on [a, b].

Vn >Ny Vx € [a,b], fun(x) > fu(x),  or, fura(x) < fu(x).

Then (fn) converges uniformly on [a,b).

Remark 2.1.4. The condition "I = [a, b] is closed and bounded" is really important in Dini’s
theorem. It is thanks to her that we were able to write, in the proof of this theorem, that each

function continues f, is bounded on I and that it reaches its upper limit at a point x,, of I.

IPC means Pointwise Convergence.
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2.1.3 Uniform Convergence and Integration
Theorem 2.1.4. Let f, : A — R be a real-valued function on A. Suppose that
* fy converges uniformly on [a,b] to a function f and

e each f, is continuous on [a, b].

Then ) ) ,
:}glio/a Fu(x)dx = /a Tim f,(x)dx = /ﬂ F(x)dx.
: .Y nx 41
Example 2.1.9. Find the value of lim ——————dx.
, n—1>0/o 0 nx-+x+n
Let fu(x) = s X+ o/ * f(x), asn — co. Moreover,

= — =
nx?+x+n x2+x/n+1 x24+1

(nx +1)(x*> +1) — x(nx? + x + n)
(x2+1)(nx2 4+ x+n)
1
(x2+1)(nx2+x+n)
1
(2+1)(x2+x/n+1)

[fu(x) = f(0)| =

1
n

1
<_/
n

since 1 + x? > 1and X%+ x/n+1 > 1. Clearly this means that

1
sup [f,(x) — ()] <
0<x<1
as n — oo. The convergence is therefore uniform and
1 1 1 1
n—eo Jo nx2+x+n 0 nmeonx? 4+ x+n
I+
Jo ¥2+1

! 1t In2

2.1.4 Uniform Convergence and Differentiation

Theorem 2.1.5. Differentiable Limit Theorem
Let (fn) — f pointwise on the closed interval [a, b] and assume each f, is differentiable.

If (f},) — g uniformly on [a,b), then f is differentiable and f' = g.
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Proof. Fixc € [a,b] and lete > 0. We will show that there exists § > 0 such that

f(x) = f(e)

X —cC

—g(o)| <e,

whenever 0 < |x —c| < dand x € [a,b].

For x # ¢, consider the following:

< [ = fl0) _ fulx) = fule)

x—c 8(c) L x—e  x—c |
+ M— fO)+ 0 s @1
Since lim f,,(c) = g(c), there exists 17 € IN such that
1fn(c) —g(o)| < g forall n > ny. (2.1.2)

From Cauchy'’s Criterion for uniform convergence, since the sequence ( f;,) converges uni-

formly to g, there exists an 77, € IN such that

[fu(x) = fu(x)| <

whenever m,n > ny and x € [a, b].

Wl m

Set N = max {ny,np}, the function fy is differentiable at c. So there exists & > 0 such that

fn(x) = fn(e)

o whenever 0 < |x —c¢| < and x € [a,b]. (2.1.3)

— fn(e)| <

Wl m

We'll show this J will suffice.
Suppose 0 < |x —c| < dand m > N. By the Mean Value Theorem applied to f,, — fy on
the interval [c, x] (if x < c the argument is the same) there exists « € (¢, x) such that
[fm(x) = fn(x)] = [fin(c) = fn(c)]
F1(w) — flo(a) = UnE) =@ = fnle) = ()]

X—c
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n(a) — fy(e)] < gand )

’[fm — ()] = [fm(e) = fN(C)]‘<€

xX—c 3

Since f,, — f as m — oo, by the Algebraic Order Limit Theorem

(2.1.4)

UJIU)

X —c

‘f fle)  fn(x) —fale )

Combining inequalities (2.1.1), (2.1.2), (2.1.3), and (2.1.4), we obtain for 0 < |x — ¢| <  and
x € [a,b]

‘f f(c)
333

X—cC

—g(o)| <

This proves that f = l1m fn is differentiable and that f' = ¢ = lim f,. O

n—oo

Example 2.1.10. Earlier, we studied the example

/ 1

We showed that (%, (x)) — h(x) = |x| uniformly on IR. However, since the function i(x) =
|x| is not differentiable at x = 0, by the previous theorem, we know that /},(x) does not

converge uniformly to a limit function on IR. Note that

1 ifx>0
lim ,(x) = lim —————={ 0 ifx=0

n—00 n—00 5 1
VAT 1 ifx <o

Plots of 11 (x), h3(x), hip(x), and |x|. Plots of 1} (x), h5(x), and Iy (x).
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X x2
— 4+ —

h
5 2n,’[ en

Example 2.1.11. Let g, (x) =

n—00 n—00

2
() = fim go() = lim (345 ) = (pointuise)

1
and ¢'(x) = 5-On the other hand,

gh(x) =+ — = h(x) = % = ¢'(x) (pointwise for allx € R).

We'll now examine how the previous theorem applies to this example.

1
Consider the interval [—M, M| where M > 0. Let h(x) = > forall x € R. Lete > 0 be given.

Let N € IN be large enough such that % < €.Thenifx € [-M, M] and n > N, we have

) - = |(3+2) -3 = 2] < 3 <e

This shows that ¢/, converges uniformly to & on [—M, M]. Because we verified that (g;,)

converges uniformly on [— M, M|, the theorem tells us that

lim ¢, (x) = h(x) = ¢'(x) for x € [-M, M|.

n—oo

Since M is arbitrary we can conclude that

Jirgog;(x) =h(x) =¢'(x) forxeR.
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Theorem 2.1.6. Theorem Related to Differentiable Limit Theorem
Let (fu) be a sequence of differentiable functions defined on the closed interval [a, ], and
assume (f,) converges uniformly on |a,b]. If there exists a point xo € |a,b] where the

sequence (fn(xg)) converges, then (f,) converges uniformly on [a, b)].

Proof. Letx € [a,b] where x # x¢. Both x and x( will be fixed real numbers throughout
the proof. Without loss of generality, we may assume x > xy. (If x < x(, the argument is
the same.) By the Mean Value Theorem applied the function f,, — f,; on the interval [xo, x],

there exists some & € (xg, x) (« depends on m and n) such that

f;;(“) _fr/n(“) _ [fﬂ(x) _fm(x)] - [fﬂ(x()) _fm(xo)]

X — X

7

which implies

[fu(x) = fin ()] = [fu(x0) = fn(x0)] = (fi(&) = fru(@)) (x = x0). (2.1.5)

Let € > 0 be given. Since (f,) converges uniformly, by Cauchy’s Criterion for uniformly

convergent sequences of functions, there exists some 17 € IN such that

| fu(c) = fin(c)| <ﬁ forall n,m > ny and c € [a, b].

By hypothesis, the sequence ( f,,(x() converges. So there exists an 1, € IN such that
€
| fu(x0) — fin(x0)] < 5 forall m,n > ny.
Let N = max{ny, np}. Thenif m,n > N, we have

|fn(x)_fm(x)| < |(fn(x)_fm(x))_(fn(x0)_fm(x()))H‘|fn(x0)_fm(x0)|
=13 (£} (a) — fr,(a)) (x — x0) + | fu(x0) — fun(x0)]
“lx—xp)+ <

<3 2
€ €

< — — = €.

= ptp=e©

Since the choice of N was independent of x, this proves that ( f,) converges uniformly on
[a, b]. O
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Remark 2.1.5. Combining the previous two theorems gives a stronger version of the Differ-

entiable Limit Theorem.

Theorem 2.1.7. Better Version of Differentiable Limit Theorem

Let (fu) be a sequence of differentiable functions defined on the closed interval [a,b], and
assume that the sequence ( f,)) converges uniformly to a function g on [a, b]. If there exists
a point xq € [a, b] for which (f,(xo)) converges, then (f,) converges uniformly. Moreover,

the limit function f = lim f, is differentiable and satisfies f' = g.

2.2 Series of Functions
Definition 2.2.1. 1. Let f and f, for n € IN be functions defined onaset A C R.

(a) Theinfiniteseries ) _ fu(x) = f1(x) + fo(x) + f3(x) + ...... converges pointwise
n>1

on A to f(x) if the sequence of partial sums sg(x) = f1(x) + fa(x) + ... + fx (%)

converges pointwise to f(x) on A.

(b) The infinite series converges uniformly on A to f(x) if the sequence of partial

sums converges uniformly on A to f(x).

2. Let
D= {x € A: suchthat ) _ f,(x) converges} .

n>1

D is the domain of pointwise convergence of the series Z fu(x).
n>1

3. We say that the series ) _ f,(x) is absolutely convergeent on A if the series ) _ | f,(x)]
n>1 n>1
is pointwise convergent for all x € A.

Remark 2.2.1. Since an infinite series of functions is defined in terms of the limit of a

sequence of partial sums, everything we already know about sequences applies to series.

For the sum Z fn(x), we merely restate all of the previous theorems for the sequence of kth
n>1
partial sums

enx
Example 2.2.1. * We consider the series of functions 2 —. The functions f,(x) =
n>1

University of Guelma Department of Mathematics W BENRABAH. A



2.2 Series of Functions 43

enx
— are positive. We have
n

fn+1( ) n e* X

Jim = Fu() nlgro‘onﬂ =

Therefore, according to d’Alembert’s test(LCT), the series is pointwise convergent if

e* < 1, in other words the domain of pointwise convergence is R* .

sin(nx)
o Let Z be a function series defined on IR. We have foralln € N*and x € R
n>1

1
F.

sin(nx)
n® + |x|

. 1. . . . .
The series 2 — is convergent (Riemann series), therefore according to the compari-
n>1
son test the given series is absolutely convergent on RR.

Definition 2.2.2. We say that the series Y _ f,(x) is normally convergent on A if and only if

n>1
the series ) _ || ful|o converges such that || f,||, = sup |f,(x)].
n>1 x€A
Example 2.2.2. ¢ The normal convergence of the series of the general term f,(x) =
cos(nx)

————=on R for n > 2. the function cos is bounded for all x € R, thus || f,||,, =
n?In(n)

. As the series Z is convergent (Bertrand series), we conclude that

n21In(n) = n21n(n)

)
the series of functions Z ( g

converges normally on R.
n >2 (

* We consider the function series defined by Z nx2e V" forall x € R+.

n
To study the normal convergence we must calculate || f;;||cc = sup |fn(x)|. The func-
x€RT

tion f,, is differentiable on R* and forall x € R"

/ — —xy/n _ . 2
la) = (2= xyie T =0 x = 2

2 2
then f,, “forx € [0, ﬁ] and f, \ forx € [ﬁ,oo],which implies that

1fulleo = sup |fu(x)] = fi (%) _ e,

xeR*
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The series Z 4e2is divergent, then the function series Z nx2e~*vV" does not converge
n n
normally on R™.

2.2.1 Weierstrass M-test

Theorem 2.2.1. Let A C R. Suppose that there exists positive constants M,, n = 1,2, .....,
such that | f,(x)| < M, forx € A. Ifz M, < oo, then Z fn(x) converges uniformly on

n>1 n>1

A.

Proof. Since |f,(x)| < My, and ) M, is convergent, it is clear thaﬂ fx) =Y fulx)
n>1 n>1
exists for every x € A. Now

n e}
1f(x) =snlle = — ) fi(x) Y filx)
k=1 00 k=n+1 0
< Y @l
k=n+1
< 2: M, — 0,
k=n+1
as k — oo. By definition, this implies that the series is uniformly convergent. (|
Example 2.2.3. Solution. Let0 < a < 1and ab > 1. Show that f(x Z a*sin(b is
uniformly convergent.
We see that |a* sin(bkrcx) <k k=1,2,3,..,since | sin(bknx)| < 1.As Z afis a
k=1

geometric series with quotient 2 and |a| < 1, we know that this series is convergent. Thus,

by Weierstrass’ M —test, it follows that the original series is uniformly convergent

2.2.2 Abel Uniform Criterion

Theorem 2.2.2. Let (f,) and (g,) two sequences of functions defined from A to R such
that:

1. There exists M > 0 such that for alln € N, sup
xe€A

ka

2The absolute convergence implies the pointwise convergence
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2. forallx € A, (gn) is decreasing.
3. (gn) — O uniformly on A.

Then, the series Y _ f(x)gn(x) converges uniformly on A.
n

2.2.3 Term-by-term Continuity Theorem

Theorem 2.2.3. Let f, be continuous functions defined on a set A C R, and assume

Z fn converges uniformly on A to a function f. Then f is continuous on A.
n>1

Proof. Apply the Continuous Limit Theorem (2.1.2) to the partial sums sy = f1 + f> +

e + fre 0
Example 2.2.4. Show that f(x) = i _2x is continuous
ple 2.2.4. Lo .
Solution. Let f;(x) = 2 Then
o k — xz + k4.
2|x|

|fk(x)| S x2+k4’ k = 1,2,3,...

2
We need to find constants M such that | f(x)| < M, so we maximize f(x) = xZ—j_Ck‘l on

[0,00[ . Note that f(0) = 0and f(x) — 0as x — co. Moreover,

2k* — 2x2

F(x) = e = f'(x) =0 [<:>x: ikz],

SO )
F(] < sup () = F8) = s = 2 = M

k=1

(o] [oe]
. 1 . . .
Since kz 1 a2 < oo, the M—test proves that E fx(x) is uniformly convergent. Since f; are
continuous, the uniform convergence proves that also f is continuous.

2.2.4 Term-by-term Integration Theorem

Theorem 2.2.4. Suppose that f(x) = Zun(x) is uniformly convergent for x € [a,b]. If
n

fo, f1, f2, ... are continuous functions on [a, b], then we can exchange the order of sum-
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mation and integration:

/abf(X)dx = /ab;fn(x)dx = ;/abfn(X)dx = ;/abfn(x)dx.

Proof. Apply the theorem of the uniform convergence and integration to the partial
n

sums s, (x) = Y fi(x). O
k=0

[e¢]

2x 1 = 4
Example 2.2.5. Let f(x) = k; o Prove that/o f(x)dx = k; In <1 +1/k ) :
Solution. From the above example f is uniformly convergent. Moreover, the

uniform convergence implies that we can integrate the series termwise, so

x=1

2x O:ko_illn (1+1/8).

1 o 1 o
/0 f(x)dx = JE/O x2—+k4dx =) [ln(x2+k4)]

k=1 =

2.2.,5 Term-by-term Differentiability Theorem

Theorem 2.2.5. Suppose the following three statements:
1. Let f, be differentiable functions defined on an interval A = [a, D).

2. Assume)_ f;(x) converges uniformly to a limit g(x) on A.
n
3. an(x) converges pointwise on A.
n

Then, the series an(x) converges uniformly to a differentiable function f(x) satisfying
n

f'(x) = g(x) on A. In other words,
fx)=) fulx) and  fl(x) =) fu(x).

Proof. Apply the stronger version of the Differentiable Limit Theorem to the partial
sums sy = f1 + fo + ... + f¢. O

[ee]

Example 2.2.6. Show that f(x) = ) _
k=1

——— is continuously differentiable (that is, show

that f € Ch).
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1 1
Solution. Let fi(x) = i Clearly | fi(x)| < 2 k = 1,2,3,..., so the series

defining f(x) is convergent for all x € R (actually uniformly convergent by the M —test). To

show that f(x) is differentiable, we prove the uniform convergence of the series

> > —2x
k_Zlfk(x) =L e

k=1
Clearly f;(x) — 0asx — oo and

6x2 — 2Kk2

;i’(ﬂ=m$[k( X) =0 12 —kz/g}

SO
3v3
F(H)| < sup ()| = (320 = 22
X
1
Since Z 3 < oo, the M—test proves that g(x Z f{(x) is uniformly convergent. More-

over, fk are continuous fork = 1,2,3,..,s0gisa contlnuous function. This is sufficient for

claiming that f is differentiable with f’(x) = g(x) for all x. Thus f inf C'.

2.2.6 Cauchy Criterion for Uniform Convergence of Series

Theorem 2.2.6. A series an converges uniformlyon A C R ifand only if for everye > 0

n
there exists an N € N such that

50— Sl = |fons1 (5) + fonr2(%) + e+ ful®)] < €.

whenevern > m > N and x € A.

2.3 Taylor and Power Series

2.3.1 Power Series

Definition 2.3.1. A power series (in x) centered at x = a is a function of the form

x) =Y ap(x—a)" =ag+a1(x —a) + ax(x —a)® + as(x —a)® + ag(x —a)* + ...
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where the ag, a4, .... are real numbers called the coefficients of the power serie.

Example 2.3.1.

n n

—1
Z r centered at 0, Z u centered at 1
! n

n>0 ""° n>1

x+2)"
Z nx" centered at 0, 2 % centered at — 2.
n>0 n>1 n

Important Question: For which x € R does the series Y _a,,(x — )" converge?
n

Theorem 2.3.1. If a power series Zanx" converges at some nonzero pointxg € R, then

n
it converges absolutely for any x satisfying |x| < |xo.

Proof. If Z a,x; converges, then lim a,x; = 0. So there exists some M > 0 such that
n—00

n
lanxy| < Mforalln > 0.If x satisfies |x| < |xg|, then

n

<M

xn

X

By the Comparison Test the series Z a,x" converges absolutely as follows:
n

n_ M

= < 0.
1—

Yo
n

<Y anx"| <Y M
n n

X
X0

X
Xo

Thus, ) _a,x" converges absolutely for x satisfying |x| < |xol. O
n

Example 2.3.2. For each power series, state where the power series is centered, identify its

second coefficient, its first term, its sixth term, and its ninth coefficient:

(x_z)n x2n
n24+1"7

(@) fx) = Y

n=0

) S0 =% 5y

Definition 2.3.2. (Radius of Convergence) Let

R = sup {|x0\ DY anxg converges} .

n

Then R is called the radius of convergence of the series Z apx”.
1)
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Remark 2.3.1. From the previous theorem and the definition of the radius of convergence,
itis clear thatif 0 < R < oo, then the series converges for |x| < R and diverges for |x| > R.
Example 2.3.3. For what x does the given series converge?

3 % (0) Y ni(x+ 4)".
n=0

Solution: (2) We can apply the Ratio Test to the terms of this series. First, we have

(x—3)”+1
IR ST C | N [ sl L B
=t T T T, Gay = fm (1/2)x =377 = (1/2)lx = 3],

By the Ratio Test, this series converges absolutely when p < 1. Since p = (1/2)|x — 3|, this
corresponds to the inequality (1/2)|x — 3] < 1 < 1 < x < 5. So the power series converges
absolutely when 1 < x < 5. Similarly, the series diverges when x < 1 orx > 5.

—1)"
We analyze the cases x = 1and x = 5individually: Ifx =1 = f(1) = ) % This series

n
1 .
converges conditionally (it is alternating harmonic). If x = 5 = f(5) = Z o This series
n
diverges since it is harmonic. In conclusion, we have determined that the series
when x € (1,5), the series converges conditionally when x = 1, and the series

diverges for all other x. We summarize this with the following picture,

conv.
cond.

div. l# I ?(lu*. ‘

3

(b) we have
e 0 ifx=—4
n+1 Ux = —
p = lim M2 i (4 1)+ 4] =
n—00 (xn—zi) n— o0 1 else

diverges A diverges
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Corollary 2.3.1. (Cauchy-Hadamard (C-H) Theorem).

If the series Z ayx" has radius of convergence R, then the set of all x for which the series

n
converges is one of the following intervals:
e IfR =0, the series converges only for x = 0.

e If0 < R < oo, the series converges for all x in one of the following four intervals:

(-=R,R), [-R,R), (-R,R], [-R,R].

e IfR = oo, then the series converges for all x € R.

Proof. This is an immediate consequence of the previous theorem and the definition of
the radius of convergence. If the corollary is not obvious, go back and review the previous

theorem and definition. ]

Theorem 2.3.2. (Abel’s Formula).

Let Z ay,(x — a)" be a power series centered at a. Then, the radius of convergence of this
n>0
power series is given by

R = lim 1%
n=roo @y 41|

(assuming this limit exists).

Proof. (Proof of the Cauchy-Hadamard Theorem and Abel’s Formula): Given power

series Y ay(x —a)", letR = lim
Theorem, so we assume for now that 0 < R < 1. Now try to determine the convergence of

|ay|

. We'll begin by proving statement (1) of the C-H

the power series using the Ratio Test; first compute:

Theorem 2.3.3. If a power series E ayx" converges absolutely at a point x, then it
n>0
converges uniformly on the closed interval [—|xo|, |xo]]-

Proof. Foreachn > 0,let M,, = |a,x{|. By hypothesis the series Z AnX( converges
n>0
absolutely and so ) _ |a,xj| = ) M, converges. Then for any x € [—|xg|, |xo|], we have
n>0 n>0

Y anx"

n>0

< Y anx] <Y |anxg| = ) My < 0.

n>0 n>0 n>0
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By the Weierstrass M-test, the series converges uniformly on the closed interval [—|xo], |xo]]-
U

Theorem 2.3.4. Abel’s Theorem about Uniform Convergence

Let g(x) = Y anx" be a power series that converges at the point x = R > 0. Then
n>0
the series converges uniformly on the interval [0, R]. A similar result holds if the series

converges atx = —R.
We have seen that the sum f(x Z an(x —a)" of a power series is continuous in

n>0
the interior (2 — R,a + R) of its interval of convergence. But what happens if the series

converges at an endpoint a + R?
Before we turn to the proof, we need a lemma that can be thought of as a discrete version

of integration by parts.

Lemma 2.3.1. (Abel’s Summation Formula) Let (a,), and (by,), be two sequences of real

n
numbers, and lets, = Y _ ai. Then
k=0

N N-1
Z anbn - SNbN + Z Sn(bn — bn+1).
n=0 n=0

If the series Zan converges, and b, — 0 asn — oo, then
n

Z anbn — Z Sn(bn - bn+1).
n=0 n=0

Proof. Note thata, = s, —s,_1 forn > 1, and that this formula even holds for n = 0 if

we define s_; = 0. Hence

N N N N
Z Z Sn — Sn—l)bn = Z Subn — Z Su—1bn,
n=0 n=0 n=0 n=0
N
Changing the index of summation and using that s_; = 0, we see that Z Sp_1bn =
n=0
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N-1
Z Spby1 Putting this into the formula above, we get
n=0

N N N-1 N—-1
Z anby = Z Snby — Z Subpy1 = snbn + Z Sn(b —n-—- bn+1)
n=0 n=0 n=0 n=0

and the first part of the lemma is proved. The second follows by letting N — co. [ IWe are

now ready to prove:

Theorem 2.3.5. The sum of a power series f(x) = Y _a,(x — a)" is continuous in its entire

n
interval of convergence. This means in particular that if R is the radius of convergence,

and the power series converges at the right endpointa + R, then %ime(x) = f(a+R),
xTa+

and if the power series converges at the left endpointa — R, then iime(x) = f(a —R).
xya—

Example 2.3.4. Summing a geometric series, we clearly have

1 1 1 > " d 2 2
= = = u" = —1)"x", for|u|=|—-x|<1& |x| <1
T e e g DLAP BN ul = =2 <1 |a
——"

=u

Integrating, we get

x 1 0 " x2n+1
/0 T tzdt = arctanx = 7;)(—1) 1 for |x| <1

we see that the series converges even for x = 1. By Abel’s Theorem

. e = (—-1)
/4 = arctan1 = chlil} arctanx = 31(1_>rr} ng‘b(—l)”zn 1 ) 1

Hence we have proved
n/4=1-1/3+1/5-1/7+ ...

This is often called Leibniz’ or Gregory’s formula for 7.

Uniqueness of power series

Recall that we asked in the last section if a function could be represented by two differ-

ent power series centered at a. To address this question, suppose that function f can be
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represented by some power series on an open interval containing 4, i.e. that
f(x) =Y an(x—a)" =ag+ai(x —a) +ay(x — 2)2 4 az(x —a)® +ag(x —a)* + ...
n=0

on (a — R,a + R) where R > 0 is the radius of convergence of the series. Then, f'(x) can
be expressed as a power series centered at a with the same radius of convergence, so f
is infinitely differentiable on (a2 — R, a + R) (i.e. it is a function which can be repeatedly

differentiated without anything becoming undefined). Furthermore

f'(x) = a;+2ay(x —a) +3a3(x —a)® +4day(x —a)® + ...
"(x) = 2ap+32a3(x —a) +43a4(x —a)® + ...

fOx) = f"(x) =32a3+432a4(x —a) + ...

FM(x) = nlay+ (n+1)ay (x —a) + ...

Now, plug in a for x in each of the following formulas above. We obtain

f'(a) = ay+2ax(a—a)+3a3(a—a)®>+4ag(a—a)P+...=a
f"(a) = 2ay+32a3(a—a)+43a4(a —a)®+...=2a
O ) = f"(a)=32a3+432a4(a —a)+ ... = 32a3

fMa) = nlay+ (n+Dlayq(a—a) + ... = nlay

The key formula that has been derived is in the last line above:

£ (@)

F"(a) = nla, < a, = .

We have proven the following theorem:

(o]
Theorem 2.3.6. (Formula for coefficients of a power series). Suppose f (x) = Z ay(x —
n=0

a)" where this series converges on an open interval containing a (equivalently, the series

has positive radius of convergence). Then, for every n the coefficients a, of the power
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series must satisfy

£ (a)

n!

ay =

Theorem 2.3.7. (Uniqueness of coefficients). Suppose Y  ay(x —a)" = Y by(x —a)"

n=0 n=0
on an open interval containing x = a. Then a,, = by, for alln.
f")(a)
Proof. By Theorem|2.3.6, both a,, and b,, must be equal to o for all n, thus they are
equal to one another. L]
> 3
Example 2.3.5. Suppose f(x) = ) ———x". Find £9)0).
= (n+1)
; f9(0)
By Theorem [2.3.6{with n = 9, we know that a9 = o Now a9 can be found by the
' 3
formula for f that is given; it is the coefficient on the x” term which is CESE = 3/100.
3.9!
Th have f%)(0) = ==.
us we have f\7/(0) 100

The next question we ask is the converse: if you start with a function f which is infinitely
differentiable on (2 — R, a + R), is it the case that f is representable by a power series? This

leads to the discussion in the next section.

2.3.2 Taylor Series

Definition 2.3.3. Given a function f which is infinitely differentiable on some open interval

containing 4, the Taylor series of f centered at a is the power series

") (a)

n!

(=0 = fla)+ ) - )+ LD a4 D

if

n=0

If a = 0, then the series in this definition, namely

5 L0 o)+ o L0y S0
n=0 : .

is called the Taylor series of f or the Maclaurin series of f.

Remark 2.3.2. It is easy to confuse the terms "power series" and "Taylor series". A power
(o]
series is any expression of the form Z an(x — a)". A Taylor series is a particular power series

n=
associated to some function f which is specified in advance.
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Main questions related to Taylor series:
1. For what x does the Taylor series of a function f centered at a converge?
2. What function does the Taylor series of f converge to?

At this point, we know enough to answer the first question. The Taylor series of a function
f centered at a is an example of a power series centered at a. Therefore, by the Cauchy-
Hadamard Theorem, the Taylor series converges (absolutely) to f (a) when x = a. This is

because

n:

 f(n)(,
;f ,()(x—ﬂ)” = f(a)+0+040+...= f(a).

X=a
We also know that there is some interval (2 — R, a + R) centered at 2 on which the Taylor
series of f converges to something. Ideally, the Taylor series of f should converge to f itself
(since it is the only possible power series representation of f). But we don't know at this point

whether or not this happens, or under what circumstances this happens.
Example 2.3.6. Prototype Example 1: f(x) = ¢*,anda = 0.

Here, we see that (") (x) = ¢* for all n. Therefore ") (a) = f")(0) = 1 forall n and

therefore the Taylor series of f is

Z fo) ,
L Y L

To find where this series converges, we use Abel’s Formula:
R = 1im [a,|/|ay.1] = lim (n+1) = o0

Since R = oo, this series converges for all x by the Cauchy-Hadamard Theorem.
Example 2.3.7. Prototype Example 2: ¢(x) = sinx,anda = 0.

So the Taylor series of sin x is

© o(n)(Q an )

Zg '()xn _ g(0)+g’(0)x—i—g()x2—i—g (')x3—|—....

= n! 2 3!
= 0+x+0x2—lx3+0x4+lx5+0x6—lx7+
B 3! 5! 7
— i ﬂx%ﬂ

= (2n+1)!
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By an argument similar to the previous example (Abel’s Formula gives R = 0), this series

converges absolutely for all x.

Remark 2.3.3. To study the convergence of Taylor series for arbitrary functions, we return
to the basics of infinite series. Recall from Chapter 1 that a series converges if the limit of its
partial sums exists and is finite. Therefore, to understand the convergence of Taylor series, it
makes sense to talk about the partial sums of a Taylor series. These partial sums are called

Taylor polynomials

Definition 2.3.4. Let n > 0. Given a function f which can be differentiated » times on an
open interval containing a, we can define the Taylor polynomial of order n centered at 4, also
called the nth Taylor polynomial centered at a to be

1/
a) + f()(x—a)2—|— x—a)P 4.

Pu(x) = £(a) + £/ (@) (x - o),

Properties of Taylor polynomials

Given any function f, where P, denotes the nth Taylor polynomial centered at 4, the following
hold:

1. P,(x) is a polynomial of degree < n,

CIEf () (a) # 0, then P, (x) is a polynomial whose degree is exactly n,

[\

3. Py(x) is the constant function f(a),
4. Py(x) = f(a) + f'(a)(x — a) is the tangent line to f when x = g,

5. P,(x) is the nth partial sum of the Taylor series of f centered at 4, therefore

fim () = S50

]/[:
if the limit exists.

Example 2.3.8. f(x) = e, a = 0, recall that the Taylor series of f is

2z——1—|—x—i—x2/2—|—x3/(3!)+x4/(4!)+ .....
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Given this, we see that
Py(x) =1, Pi(x)=1+x, Py(x)=14+x+x*/2, P3(x)=1+x+x*/2+x3/(3!),

wPa(x) =14+ x4+ x2/24+x3/(3!) + ..co. + 2"/ (n).

Next, we turn to the problem of determining whether the Taylor series of a function f
converges to f, or to something else. To do this, we introduce a new function, called the nth
remainder, which measures the difference between the original function f and its nth Taylor

polynomial

Definition 2.3.5. Let f be infinitely differentiable on (a2 — R, a + R) and let P, be the nth
Taylor polynomial of f, centered at x = a. Define the nth remainder (of f centered at a) to

be the function

Example 2.3.9. 1. f(x) = ¢%, a = 0, recall that P,(x) = 1+ x + x2/2. In the picture
below, f is graphed in black, P, is graphed in red, and R, (2) is the length of the blue

line segment

2. ¢(x) =sinx, a = 0, recall that P5(x) = x — x>/(3!) + x°/(5!). In the picture below,
f is graphed in black, Ps is graphed in red, and R5(4) is the length of the blue line

segment
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Theorem 2.3.8. (Remainder Theorem). Let f be infinitely differentiableon (a — R,a+ R)
and let P, and R,, be thenth Taylor polynomial and nth remainder of f, centered at x = a.

Then if li_r)n R, (x) =0, we have
n—oo

no£(n)(g
o=y Dy

n—
i.e. f is equal to its Taylor series on (a — R,a + R).

Proof. Recall that P, (x) is the nth partial sum of the Taylor series of f. Therefore, since any

infinite series is defined to be the limit of its partial sums, we have

i f(n)'(a) (x—a)® = lim P,(x) = lim (f(x) — Ry(x)) (by definition ofR;,)
n=0 :

n n—oo n—00
— f(x) - lim Ro(x)
= f(x). (by hypothesis)

[IThe Remainder Theorem sufficiently (for our purposes) answers (at least theoretically)
the second main question related to Taylor series, because it gives a condition under which
the Taylor series of f converges to f itself. In particular, the Remainder Theorem tells us
that to show an infinitely differentiable function is equal to its Taylor series, we need only to
show that nlg{}o Ry (x) = 0. However, the definition of R,,(x) alone is insufficient to evaluate
this limit. We need an alternate representation of the nth remainders which will allow us
to show that nh_r)r.}o R, (x) = 0. To get this alternate representation, we first recall a theorem

from Calculus I

Theorem 2.3.9. (Mean Value Theorem (MVT)). Let f be differentiable on the interval

University of Guelma Department of Mathematics %f BENRABAH. A



2.3 Taylor and Power Series 59

[a,x]. Then, there exists az € (a,x) such that

f(x) = fla) _
2218 — pe)
Theorem 2.3.10. (Taylor’s Theorem). Suppose f can be differentiated n + 1 times in an
open interval (a — R,a + R) (whereR > 0). Then, forallx € (a — R,a+ R) and alln > 0,

there exists a z between a and x such that

— f(n+1)(z) n+1
Rn (X) W (x — a) .

Proof. First, a remark: this proof will use the Mean Value Theorem. The proof of the
Mean Value Theorem is deep; take an advanced calculus course if you want to see that.
Now, let’s prove the theorem. Fix x € (2 — R,a + R) and recall that R,,(x) = f(x) — P,(x).
Define a new function g, whose input variable will be called ¢, by setting g(t) equal to

_ t)n-l—l

fx) - f(t)+f’(t)(x—t)+]¥(x—t)2+...+m(x—t)” R0

n! (x —a)nt1’

Observe that ¢(a) = 0 and g(x) = 0. Now apply the Mean Value Theorem to g to find a point

z between a and x such that

Last, evaluate the derivative of g. We have

S = Tg(t) s

= (0=[fO+FOE-0-FE)+(fB/@) -2 = O -1) +

| (n+1) (n)
N (f DOy - (J; f&“‘””“)

notice that the terms inside the brackets cancel out to leave

(n41) »
¢@) =L Wy %m F1)(x— )"

University of Guelma Department of Mathematics W BENRABAH. A



2.3 Taylor and Power Series 60

Since ¢’'(z) = 0, we have

0 _f(n+1)(t)

n! Rn(x)ﬂ (n+1)(x —1)" & Ru(x) =

(x—a)"

(x — 1)+
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