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EXERCISE L.

A: The sum of the first n terms of a series with general term a,, is given by

Zak =ai+as+..+a, =5, =n2(n—i—1)(n—|—2)7 n>1.
k=1
(1) Calculate a1, as, and S, — Sp,—1. Deduce ay,.

2n
(2) Calculate Say, — Sy, then show clearly that Z ar = 3n*(n+1)(5n + 2).
k=n-+1
: > 1. = .l
B: Letn>1.and S, =1+ 11+ 11141111 + 11111 + ... 11111....1

ntimes
(1) Find the sum of A = 10" +10% 4+ 103 + ... + 10™.
(2) Find in exact simplified form an exact expression for the sum of S,.
hint : use the fact that 1 =3 x 9, 11 =§ x 99,111 = § x 999, and so on.

EXERCISE 2.Let
z, 0<x<m
f(x){ —x, —m<z<0.
(a): Sketch f over the interval [—3m,37]. Is f even?
(b): Find the Fourier series of f.

(c): State Dirichlet theorem and Parseval’s identity for the Fourier series of f.

p=+o0 p=+o0
1
(d): Deduce the values of the following series : Z e and Z pr 1
p=0 p=0

EXERCISE 3.Determine if the following series converge or diverge

a) ;m, b) n;n! <n) , ¢ ; G d) ;m

EXERCISE 4.
(A): Let f,: [a,400 ] = R x> fu(z) =In (x—i— 1) , YneN" a>0.and
n

on(2) = In (nx—l—l).

Trn

ap: Calculate f(x) = nh_)n;o fn(x), and show that g, (z) is decreasing function Va > a.

(ag): Show that the sequence of functions (fy,) converges uniformly to its limit f(x).

(B): Consider the power series given by > (—1)"(2z — 3)™.
n>1

(1) Write the power series as the form > a,(z —a)(ise : find a,, and a).
n>1

(2) Find the radius of convergence, then the interval of convergence.

(3) Find the sum of the series (Hint : use the sum of a geometric series).

or r € express f(x) = = 3 as a power series.
4) F 1,2], exp gt P
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EXERCISE 1.(Solution)

A: The sum of the first n terms of a series with general term a,, is given by

En:ak:a1+a2+...+an:Sn:n2(n+1)(n+2), n>1.
k=1

(1) We have a; =S =12 x (1 +1)(1+2) =6.

(2) Sp—8Sn—1=n2(n+1)(n+2)—(n—1)%n(n+1) =n(n+1)[n(n+2)—(n—1)2] = n(n+1)[n>+
2n—n?+2n—1] = n(n+1)[4n—1]. and Sz, — S, = (2n)2(2n+1)(2n+2) —n?(n+1)(n+2) =
4n2(2n+1)2(n+1) —n?(n+1)(n+2) =n?(n+1)[8(2n+1) — (n+2)] = n?(n+1)(15n+6) =
3n?(n+1)(5n +2).

2n n
— We know that So, =S, = >, ap— Y. ag=a1 +as+ ... + an + api1 + any2+ ... + ag, —

k=1 k=1
2n
(a1 +as+...4+ay) =any1 +any2+...4+ a2, = >, ag. From the above question we have
k=n-+1
2n
S ak = 3n%(n+1)(5n + 2).
k=n-+1
B: (1) A=10"+10? +10% + ... + 107 = &0 — 1000721
(2)
1 1 1 1
S, = <9 ><9> + <9 ><99) + (9 ><999> + .+ §>< 99...9
ntimes
1
= —19499+999+ ...+ 99...9
9 S—~—
L ntimes
1 n
= 3 [(10" — 1) + (10* — 1) 4 (10® — 1) + ... 4 (10" — 1)]
1 .
= 5 (10" + 102 +103 + ... +10") = (1 + 141+ ... +1)
L ntimes

By using the previous question we get

1 10(10™ — 1) _ 10
| d

- {9(10" —1)- n]

(10" — 9n —10] .

Sn = 10—1

z| - o

EXERCISE 2. Solution
(a): Sketch f over the interval [—3m,3n]. Yes f is even?



(b): Since f is even, then b,, = 0.

=1/ f dx— L7 |alde =2 [ ade =7

= 2 [T f(z)cos(nz)dz = 2 [ xcos(nx)dxr, using integration by parts we get (u(z)
x, v’(x) = cos(nx))

™

2 5i T T si 2 1
Gn = = ([m sln(nx)} —/ bm(mv)dyc) =— (0 + [ cos(nx)} )
T n 0 0 n m 0
2 0, ifn=2p
2 (COS(THT) ) ) (( ) ) { 7T_7n42 ifn = 2+ 1
Since f is continuous, then f(z) = |z| = § — Z (2p+1)2 cos{(2p+ 1)z} .
=0

(¢): The Parseval identity states %ffL |f(x

(d):

2
Wm:%+zygwm

l/7T BRI f—|—§:a2
TJ—m n=1 .
2 [T, & 16
z der = =
ﬂ_/ox x 2+p;07r2(2p+1)
2 [«37"  a? 16 1
T3], 2 mL(2p+1)
2, 72 16 1
‘2 = 40
3 2 7r2 (2p +1)
cng
6 i 2p+1
P 1 pi
Thus > @7 = 66
p=0
EXERCISE 3. Solution
—a) >, ﬁ. Using Cauchy’s test we have
n=1
lim an = lim ) —e = lm - =0<1
the series converges.
— b > nl (%)n. By D’alembert test we have
n=1
3 n+1 n n+1 n
lim < = lim (n+ 1)! [ —— ><(3) = lim 3 =3>1,
n—oo  a, n— o0 n—+1 n! n—o00 n+1

the series diverges.
— ¢ E_:l (( )) Let |a,| =

lim [an 1] = lim —x
n—oo (2n + 2)!

the series converges.

),, then, by D’alembert test we have

g+l 3"3

L (2n)!
= G e+ e

377,

(2n)!
377,

Tl 2n+2)(2n+ 1)

n— oo |an‘

=0<1,



s n .
— d) p) %. Since

li ol = lim 47w =1+#0,
i ool = Jim 4# () <1
then the series diverges by the Divergent test.

EXERCICE 4 Solution.

(A): Let f : [a,+0 | = R x»—>fn(x):1n<x+1>, Vn € N*, a > 0. and
n
1
gn(aj):hl <nm+ )

rn

—1

1
ar: f(z) = 7}1—>H;o fulz) = nh_}IIOlo In (a: + n) = In (). By simple calculation ¢, (z) = T <

0, Vz > a, then g,(x) is decreasing function Va > a.
(a2): We must prove that lim sup|f,(z) — f(x)| = 0. We have first
n—oo x>a

o) = 1@ =n (24 1) @) = 10 (P25 ) | = g 0)] = o).

from the above question g, (z) is decreasing function, then

sup |fu(@) — £(&)] = 5up g (@) = gu(a) = In (’m+ 1) ,

r>a r>a an

thus

lim sup|fn(z) — f(x)] = ILm In (na—f—l) =0.

n—=00 p>q an
Then the sequence of functions (f,,) converges uniformly to its limit f(z) =In (z).

(B): Consider the power series given by > (—1)"(2z — 3)™.

n>1
(1) > an(z—a)= > (-1)"2"(x —3/2)", so a, = (—1)"2" and a = 3/2.
n>1 n>1
(2) R= Eg aiil = hm ‘% = % Then the interval of absolute convergence is given by

|x—3/2|§1/2@1<x<2
— First end point : 2 = 1, then > (=1)"(2z—3)" = > (-1)*(-1)" = Y (-1)" = Y 1=

n>1 n>1 n>1 n>1
.(Div)
— second end point : z = 2, then > (=1)"(2z—3)" = > (-1)" = .(Div). Finally 1 < z < 2.
n>1 n>1
(3) Since 1 <z < 2,then —1<r=2r-3<1, > (—1)"(2z —3)" = Y (—r)" which is the sum
n>1 n>1
of a geometric series S = *Tﬁ = 243
(4) For z € [1,2], f(z)= 3242 = ;(—1)?1(% —3)".
nz

Benrabah A.



