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Eigenvalues and Eigenvectors
De�nitin and Examples

Throughout this chapter K denotes the �eld R or C, andMn (K) denotes the
vector space of n by n matrices over K.

De�nition
Let A be an n� n square matrix. When Ax = λx has a non-zero vector solution
x , then

λ is called an eigenvalue of A.
x is called an eigenvector of A corresponding to λ.

The couple (λ, x) is called an eigenpair of A.

Notes: (i) eigenvector must be non-zero. (ii) But, eigenvalue λ can be zero, can
be non-zero.
A vector x 2 E is an eigenvector of A if

x is non-zero,

there exists λ 2 K, Ax = λx .
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The eigenspace of A corresponding to λ is the subspace:

Eλ = fv 2 Kn ; Av = λvg .
Note that Eλ is a vector subspace of Kn . This is the kernel of the matrix A� λIn .
So Eλ consists of all solutions v of the equation Av = λv . In other words, Eλ

consists of all eigenvectors with eigenvalue λ, together with the zero vector.

Example

Let A = I2. Then any non-zero vector v of R2will be an eigenvector of A
corresponding to eigenvalue λ = 1.

Example
Consider the matrix

A =
�
1 2
2 1

�
.

Calculate the eigenvalues and eigenvectors of A.
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Solution.

First, we �nd the eigenvalues of A.

We start with calculating the characteristic polynomial of A. From de�nition, we
obtain

pA (x) =

���� 2� x 1
1 2� x

���� c1
#

c1 + c2
(the �rst column c1 becomes c1 + c2)

=

���� (3� x) 1
(3� x) 2� x

���� = (3� x) ���� 1 1
1 2� x

���� = (3� x) (2� x � 1)
= (3� x) (1� x) .

Hence, pA (x) = (1� x) (3� x), and so the eigenvalues are λ1 = 1 and λ2 = 3.

Dj. Bellaouar (University 08 Mai 1945 Guelma) Eigenvalues and Eigenvectors December 2020 4 / 14



Eigenvalues and Eigenvectors
De�nitin and Examples

Second, we �nd the eigenvectors. By de�nition, the eigenspace Eλ1 is given
by

Eλ1 =

�
(x , y) 2 R2;

x + 2y = x
2x + y = y

�
=

n
(x , y) 2 R2; y = �x

o
= Vect f(1,�1)g .

Thus, v1 = (1,�1).
Using the same manner, the eigenspace Eλ2 is given by

Eλ2 =

�
(x , y) 2 R2;

x + 2y = 3x
2x + y = 3y

�
=

n
(x , y) 2 R2; y = x

o
= Vect f(1, 1)g .

That is, v2 = (1, 1).
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De�nition
The geometric multiplicity for a given eigenvalue λ, denoted by Gm (λ), is
the dimension of the eigenspace Eλ. That is,

Gm (λ) = dimEλ.

The algebraic multiplicity for a given eigenvalue λ, denoted by Am (λ), is
the number of times the eigenvalue is repeated. For example, if the
characteristic polynomial is (x � 1)2 (x � 5)3 then for λ = 1 the algebraic
multiplicity is 2 and for λ = 5 the algebraic multiplicity is 3.

Note that the algebraic multiplicity is greater than or equal to the geometric
multiplicity. That is, we always have Am (λ) � Gm (λ) .
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Examples. Calculate eigenvalues and eigenvectors of the following matrices.
Deduce the algebraic multiplicity and the geometric multiplicity of each eigenvalue
of A.

A =
�
1 2
3 2

�
.

Ans. We have λ1 = 4, v1 = (2, 3) and λ2 = �1, v2 = (1,�1) .

A =
�

cos θ sin θ
� sin θ cos θ

�
.

Ans. We have λ1 = e iθ, v1 = (�i , 1) and λ2 = e�iθ, v2 = (i , 1) .
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A =
�
1 2
0 5

�
.

Ans. We have λ1 = 1, E1 = Vect f(1, 0)g and λ2 = 5, E5 = Vect f(1, 2)g .

A =
�
2 6
0 2

�
.

Ans. We have λ = 2 (double), Eλ = Vect f(1, 0)g .

A =

0@ 1 2 3
0 2 3
0 0 �5

1A .
Ans. We have λ1 = 1, E1 = Vect f(1, 0, 0)g , λ2 = 2, E2 = Vect f(2, 1, 0)g and
λ3 = �5, E�5 = Vect f(5, 6,�14)g .
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A =

0@ 1 0 0
1 2 0
1 0 2

1A .
Ans. We have λ1 = 1, Eλ1 = Vect f(�1, 1, 1)g , λ2 = 2 (the algebraic
multiplicity of λ2 is 2), Eλ2 = Vect f(0, 1, 0) , (0, 0, 1)g . Also, the geometric
multiplicity of λ2 is 2.

A =

0@ 0 1 1
0 0 0
0 0 0

1A .
Ans. We have λ = 0 (triple eigenvalue), Eλ = Vect f(1, 0, 0) , (0, 1,�1)g . The
eigenspace corresponding to λ = 0 is of dimension 2.

A =

0@ 2 0 0
1 2 0
0 3 2

1A .
Ans. We have λ = 2 (triple eigenvalue), Eλ = Vect f(0, 0, 1)g . The eigenspace
corresponding to λ = 2 is of dimension 1.
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A =

0@ 1 1 0
1 1 0
0 0 2

1A .
Ans. We have λ1 = 0 (simple eigenvalue), Eλ1 = Vect f(�1, 1, 0)g and λ2 = 2
(double eigenvalue), Eλ2 = Vect f(0, 0, 1) , (1, 1, 0)g . The eigenspace
corresponding to λ1 is of dimension 1 and the eigenspace corresponding to
λ2 = 2 is of dimension 2.

A =

0@ a 2 3
0 2a 8
0 0 3a

1A ; a 2 R.

Ans. We have λ1 = a and Eλ1 = Vect f(1, 0, 0)g, λ2 = 2a and

Eλ2 = Vect
��

2
a
, 1, 0

��
, λ3 = 3a and Eλ3 = Vect

��
1
2a2

(3a+ 16) ,
8
a
, 1
��

.
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Corollary

Let (λ, x) be an eigenpair of A. Then
�

λk , x
�
is an eigenpair of Ak .

Proof.
In fact, we see that

Ax = λx ) A2x = A (λx) = λAx = λ2x .

Therefore,
Ax = λx ) 8 k � 0 : Ak x = λk x .

The result is proved.
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Corollary

Let A be an invertible matrix and let (λ, x) be an eigenpair of A with λ 6= 0.
Then

�
1
λ
, x
�
is an eigenpair of A�1.

Proof.
By de�nition, we have

A�1x = A�1 (1.x) = A�1
�

λ

λ
.x
�
=
1
λ
A�1 (λx)

=
1
λ
A�1 (Ax) (since Ax = λx)

=
1
λ
x .

Thus, A�1x =
1
λ
x . The proof is �nished.
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Ex 01. Calculate the eigenvalues and eigenvectors of the following matrix:

A =

0@ �3 1 �1
�7 5 �1
�6 6 �2

1A .
Ans. λ1 = �2, v1 = (1, 1, 0) and λ2 = 4, v2 = (0, 1, 1) .

Ex 02. Let P 2 GLn (R) and let D be the following diagonal matrix:

D =

0BBB@
λ1

λ2
. . .

λn

1CCCA
Calculate the eigenpairs of D, then deduce the eigenpairs of the matrix
PDP�1.
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Ex 03. Let A 2 Mn (R) and α 2 R�. Prove that

v is an eigenvector of A) αv is also an eigenvector of A.

Ex 04. Let A 2 Mn (R) and λ1,λ2 be two eigenvalues of A with λ1 6= λ2. Prove
that

Eλ1 \ Eλ2 = f0Rng .
Recall that Eλ = fx 2 Rn ; Ax = λxg .
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